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Abstract
This thesis addresses the application of fusion as a powerful source of energetic neu-
trons. The conditions for maximising fusion power density, Pf , in a neutral beam fuelled
plasma are determined and used to inform a high Pf device optimisation procedure. Re-
strictions on the externally applied power, not previously considered, are shown to be
a crucial factor in determining the optimum plasma and reactor conditions.
Two distinct regimes of operation exist, separated by a discontinuity in the optimum
conditions. In one regime, beam-on-target reactions dominate and Pf is maximised
when operating with a pure tritium target plasma. The optimum confinement is lower
than that required for high gain operation but the energy multiplication is limited to
Qf ∼ 1. Fast alpha particles, if confined, reduce Pf by a factor (1 + 0.2Qf )−1, but
leave Qf unchanged. In the second regime, thermonuclear reactions make a significant
contribution to Pf , allowing for higher energy gain but requiring improved confinement.
Alpha particle heating reduces Pf by around 20% but increases Qf .
By considering established tokamak stability constraints the optimum plasma condi-
tions are used to inform a high Pf device design. The model provides a framework for
simplifying and informing what would otherwise be a perplexing search for the optimal
reactor configuration and allows areas of particular interest to high Pf operation to be
identified.
A novel tokamak operating regime - the isothermal tokamak - is investigated. An
analytic equilibrium is derived and the resulting density and current profiles found to
be notably different from those of a conventional device. A model of the anomalous
transport due to the trapped electron mode instability is derived. Simultaneous solu-
tions to the MHD and transport equilibria are shown to only exist for relatively shallow
density profiles.
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Commonly Used Symbols
Symbol Description
Universal constants
µ0 Vacuum permeability (4pi × 10−7N A−2)
0 Vacuum permittivity (8.854× 10−12F m−1)
e Electronic charge (1.602× 10−19C)
me Electron mass (9.109× 10−31kg)
mD Deuteron mass (3.344× 10−27kg)
mT Triton mass (5.008× 10−27kg)
Particles
Particle species are denoted by subscripts: e (electron), i (ion), D (deuteron), T (triton),
ms Particle mass
qs Particle charge
Zi Ion charge/e
vth,s Thermal velocity
v⊥ Scalar velocity perpendicular to the magnetic field
v|| Scalar velocity parallel to the magnetic field
ωc,s Cyclotron frequency (qsB/ms)
ρs Larmor radius (v⊥,s/ωc,s)
Plasma parameters
Species denoted by subscripts
Ts Temperature
ns Density
λD Debye length
νab Collision frequency between species a and b
ln Λab Coulomb logarithm for collision between species a and b
f(v, r, t) Distribution function
β Plasma beta (p/(B2/2µ0)
ω∗s Diamagnetic drift frequency
ωds Magnetic drift frequency
〈ωds〉 Bounced averaged magnetic drift frequency
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Symbol Description
Electric and magnetic fields
E Electric field
B Magnetic field
bˆ Unit vector along the magnetic field (bˆ = B/|B|)
j Current density
BT0 On-axis (r = 0) toroidal magnetic field
Ip Plasma current
q Safety factor
ψ Poloidal flux
Geometry
(R,φ, Z) Cylindrical coordinate system
(r, θ, φ) Toroidal coordinate system
R0 Major radius of plasma
a Minor radius of plasma
 Inverse aspect ratio ( = r/R0)
κ Elongation of plasma
δ Plasma triangularity
V Plasma volume
S Plasma surface area
Confinement
〈σv〉 Velocity average fusion reaction cross-section
Pf Fusion power density
τE Energy confinement time
Hfac Confinement enhancement factor
Qf Energy multiplication factor
Pα Alpha particle heating power density
Pthermal Thermal power density
Γ Particle flux
Q Total heat flux
q Conductive heat flux
fbs Bootstrap current fraction
Fast particles
τs Spitzer slowing down time
τth Fast particle thermalisation time
ξ Pitch-angle variable (ξ = (v/v) · bˆ = v||/v)
vc Fast particle critical velocity
W0 Initial fast particle energy
S0 Fast particle source density
[
m−3 s−1
]
W Average fast particle energy
Qb Average fast ion energy multiplication factor
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1 Introduction
The need for a clean, sustainable energy source capable of meeting the ever growing
global demand for energy [1] is abundantly clear. Current renewable energy sources,
such as solar, wind and tidal power, can make a significant contribution but are limited
by the large variability in their power output or the availability of suitable geographic
locations. Nuclear fission is capable of providing stable, base load power, but, in the
wake of serious incidents such as the Fukushima and Chernobyl disasters, public per-
ception is that of scepticism, and in recent years reliance on fission power has reduced
[2]. Nuclear fission is also not without its limitations, namely the expanding stockpiles
of radioactive waste and links to nuclear proliferation.
Nuclear fusion offers a potential solution, merited by effectively unbounded energy,
relative safety and minimal short and long term environmental impact. Such striking
benefits do not come easily, however. Since early experiments in the 1940s [3] fusion
remains in the experimental stage and is yet to produce net energy. Vast progress has
been made and the global fusion program has entered a new phase with the construction
of ITER, an experimental reactor designed to demonstrate the feasibility of nuclear fu-
sion at power plant relevant scales [4]. However, commercial fusion power demands long
pulse, stable operation, high efficiency, fuel self-sufficiency and, critically, commercial
competitiveness. To achieve all of these conditions simultaneously is extremely challeng-
ing and will require significant advances in experimental and theoretical understanding
coupled with the development of new materials and engineering techniques to ensure
the device can withstand the demanding reactor conditions.
A far more immediate application of fusion, and one that could directly address
some of the outstanding technological issues, is not for energy multiplication, but as a
powerful source of energetic neutrons. No longer bound by the stringent requirement to
produce net power, a fusion neutron source could explore new regimes of operation and
potentially be developed relatively quickly, using current, or near-term technologies and
physical understanding. As well as directly aiding the fusion energy program, a fusion
neutron source would be an invaluable proof of principle and intermediary commercial
application of fusion.
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1.1 Nuclear fusion
If two ions collide with sufficient energy to overcome the mutually repulsive Coulomb
potential acting between them, reaching a separation where the strong nuclear force be-
comes dominant, they will fuse together, forming new nuclei and in some cases releasing
energy. Reactions between light ions (Z < 16) are generally exothermic, with the energy
released transferred to the reaction products. While a large number of fusion reactions
release energy, only a few are suitable for controlled fusion experiments. The energy
required to overcome the Coulomb potential scales with the product of the colliding
nuclei’s atomic charge, and, therefore, only isotopes of the lightest elements offer the
potential for near term, economical, controlled fusion. The most relevant reactions are
those involving isotopes of hydrogen - deuterium (D) and tritium (T); and an isotope
of the next lightest element, helium (He),
2
1D +
3
1T −→ 42He(3.5MeV) + n(14.1MeV)
2
1D +
2
1D −→
 31T(1.01MeV) + p(3.02MeV)3
2He(0.82MeV) + n(2.45MeV)
3
1T +
3
1T −→ 42He + 2n + 11.3MeV
2
1D +
3
2He −→ 42He(3.6MeV) + p(14.7MeV)
3
1T +
3
2He −→ 42He + p + n + 12.1MeV.
The energies of the fusion products are given in the rest frame of the colliding ions and
the two possible branches of the DD reaction occur with approximately equal probability.
10 100 100010
-32
10-31
10-30
10-29
10-28
10-27
Relative energy HkeVL
Σ
Hm2L
T-3He
D-3He
T-T
D-D
D-T
Figure 1.1: The fusion reaction cross-section, σ, for the reactions most relevant to controlled
fusion. For the DD reaction the average cross-section is shown.
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The choice of fusion fuels is determined primarily by the energy released as a result
of the reaction, the probability of a reaction occurring at a given collision energy and
the fusion products released. The likelihood of a reaction occurring is quantified by the
reaction cross-section, σ, which is typically measured in the rest frame of one of the par-
ticles, and represents the effective cross-sectional area the stationary particle presents
to the incoming particle. If the incoming particle intersects this effective cross-section
a collision occurs and the particles fuse. Values of σ for the reactions quoted above
are shown in Figure (1.1), where it can be seen that the reaction between deuterium
and tritium has by far the largest reaction cross-section at the lowest relative collision
energies. The DT reaction also releases a large amount of energy, relative to some of the
other reactions shown, making it the most suitable choice for efficient power production.
The reaction rate per unit volume between two species, with velocities v1 and v2,
densities n1 and n2, normalised velocity space distribution functions f1(v1) and f2(v2),
where, ∫
v
f(v)dv = 1, (1.1)
and relative velocity v′ = |v1 − v2|, is n1n2σ(v′)v′f1(v1)f2(v2). The total reaction rate
per unit volume, denoted R12, is found by integrating over the velocity space of the
colliding species,
R12 = n1n2
1 + δ12
∫
v2
∫
v1
σ(v′)v′f1(v1)f2(v2)dv1dv2
=
n1n2
1 + δ12
〈σv〉, (1.2)
where the velocity averaged reaction cross-section, 〈σv〉, is introduced and, to avoid
double counting of particles, δ12 = 0 if the reacting species are unique and δ12 = 1 if
they are the same.
Other considerations when choosing a fuel type are abundance, availability and the
waste products generated, not just directly from the reaction itself but from subsequent
processes, such as neutron activation of the device structure. Deuterium is abundant
and readily available, while tritium, being radioactive with a half-life of 12.32 years,
does not exist in meaningful quantities on Earth. If fusion is to be a truly sustainable
source of energy, a reactor must be able to produce its own tritium. It is envisaged that
tritium will be produced in breeding blankets that will surround the plasma. By seeding
the blankets with Lithium to absorb incoming neutrons, tritium can be produced via
the following reactions,
7
3Li + nfast −→ 42He + T + n− 2.5MeV
6
3Li + nslow −→ 42He + T + 4.8MeV.
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The reaction involving 7Li is endothermic, but does preserve the neutron, allowing for
further breeding reactions. The 6Li reaction is exothermic, absorbing slow neutrons that
have been decelerated by the blanket. By also seeding the blanket with neutron multi-
pliers, such as Beryllium or Lead, reactors will aim to operate with a tritium breeding
ratio exceeding unity, where, on average, more than one triton is produced per neutron
released in the DT reaction.
The blanket also serves two other critical roles: to allow the heat generated as a
result of the neutron absorption to be drawn off and used to drive a steam cycle -
ultimately producing electricity; and to shield the sensitive reactor components from
neutron damage. Presently, blanket technologies capable of simultaneously meeting
these requirements are still in development and have yet to be tested under reactor
relevant conditions.
1.2 Fusion plasmas
Owing to the large collisional energies required to achieve useful amounts of fusion the
fuel mixtures used in controlled fusion experiments are typically at extreme tempera-
tures (T = 10− 20keV). At such high temperatures the fuel mixture is predominantly
ionised (ionisation energy of hydrogen is 13.6eV), forming a mixture of ions, electrons
and neutral particles, known as a plasma.
A defining characteristic of a plasma is its ability to redistribute charge carriers to
screen out DC electric fields, both those imposed externally or those resulting from a
local charge imbalance. This process, known as Debye shielding, breaks down over short
length scales due to there being insufficient charge carriers available. The length over
which shielding occurs is characterised by the Debye length,
λDs =
√
0Ts
q2ns
, (1.3)
where s refers to the individual species, of temperature, T , density, n, and charge q.
Here, and throughout this work, temperatures are expressed as energies in units of
electronvolts (eV). For length scales  λD the plasma appears electrically neutral,
having zero net charge density. This large scale neutrality, termed quasi-neutrality,
implies,
ne =
∑
i
Zini, (1.4)
where the summation is taken over all ion species of charge, Zi. Departures from quasi-
neutrality produce strong electric fields that act to quickly restore charge balance.
Locally, Coulomb collisions tend to drive the plasma species towards thermal equilib-
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rium, where the distribution functions are Maxwellian,
fM (v) = n
( m
2piT
)3/2
exp
[
−mv
2
2T
]
, (1.5)
where m is the species mass. The fusion reactions occurring in Maxwellian plasmas
are termed thermonuclear. At a fixed plasma pressure, the optimum temperature for
maximising the total DT reaction rate, RDT , in a thermonuclear plasma composed of
equal parts D and T is around 14keV, being an order of magnitude below the peak of the
DT reaction cross-section. The majority of fusion reactions, therefore, occur between
particles in the high energy tails of the distributions.
1.3 Magnetic confinement
The extreme temperatures required for economical fusion prohibit direct contact be-
tween the hot fuel mixture and any solid material surfaces. Magnetic confinement
fusion (MCF) relies on the response of charged particles to magnetic fields to confine a
hot plasma against its thermal pressure (1− 10atm) and hold it away from the internal
walls of the confinement vessel.
1.3.1 Confinement principles
To understand magnetic confinement fusion it is instructive to first consider the motion
of a single charged particle moving in an electromagnetic field. A particle of charge q
and mass m moving with velocity v, in an electric field, E, and magnetic field, B, will
experience a force,
F = q (E + v ×B) , (1.6)
known as the Lorentz Force. In the absence of other particles a single charged particle
will be freely accelerated by both the electric and magnetic fields. The v × B term
causes the particle to experience an acceleration perpendicular to the plane containing
v and B, which, providing v is not parallel to B, causes the particle to gyrate in a
circular orbit about the magnetic field line, while freely streaming parallel to it, in a
motion termed gyro-motion. The frequency of these gyrations, known as the cyclotron
or gyro frequency, depends on the particle’s charge to mass ratio and the strength of
the magnetic field,
ωc =
|q|B
m
. (1.7)
For convenience, the scalar magnitude of a vector is simply denoted B = |B|. The
radius of gyration, the Larmor radius, is
ρ =
v⊥
ωc
=
mv⊥
|q|B , (1.8)
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where v⊥ = |v × B|/B, is the component of velocity perpendicular to the magnetic
field. In a thermal plasma, the perpendicular velocity will, on average, be the thermal
velocity vth =
√
2T/m, and ρ =
√
2mT/|q|B.
The gyro-motions of an electron and an ion in a uniform, straight magnetic field are
shown in Figure (1.2). Because of their much lighter mass the electron cyclotron fre-
quency exceeds that of the ions by a factor (Zimi/me), and, in thermal equilibrium, the
electron Larmor radius is a factor of Zi
√
me/mi smaller than ρi.
Figure 1.2: The gyro-motions of an
ion and an electron in a uniform,
straight magnetic field. Due to the
charge dependence of the Lorentz force,
Equation (1.6), the ions and electrons
orbit in different directions relative to
the magnetic field.
The presence of an electric field, E, introduces an additional particle drift velocity,
in the E ×B direction. The guiding centre, the average point about which a particle
gyrates, moves with a velocity,
vd =
E ×B
B2
, (1.9)
which is independent of the particle’s mass, charge and velocity.
Under fusion relevant conditions the Larmor radii of both ions and electrons are much
smaller than the size of the plasma (of the order 10−3m for ions and 10−5m for electrons)
and the gyro-motion of particles provides confinement perpendicular to the magnetic
field.
Moving from the single particle picture to a macroscopic one where many particles
are present, the basic condition for force balance in a confined plasma can be derived by
treating the plasma as a fluid that, along with obeying the conventional fluid equations,
also satisfies Maxwell’s equations. This model is called magnetohydrodynamics (MHD)
and forms the basis of much of the theoretical modelling of plasmas. Using this model
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the condition for a confined plasma to be in equilibrium may be expressed as,
j ×B = ∇p, (1.10)
where the outward force due to gradients in the plasma pressure, p, is balanced by the
inward force resulting from the interaction between the plasma current, which has a
current density, j, and the magnetic field, B.
This equilibrium is easily demonstrated by considering the case of a straight cylindri-
cal plasma of infinite length. The radially outward pressure gradient can be balanced
by an axial current in combination with an azimuthal magnetic field, a configuration
known as a z-pinch, or by an axial magnetic field and azimuthal current - a theta pinch,
or by a combination of the two - a screw pinch. However, in practice, any linear device
must be of finite length and the free streaming of particles along the magnetic field leads
to an unavoidable loss of particles at the open ends of the device. Therefore, although
linear confinement schemes can reach fusion relevant conditions [5], they are not well
suited to steady-state operation and it is necessary to turn to toroidal configurations,
where the closed field lines prevent parallel end losses.
1.3.2 Toroidal confinement
When describing toroidal plasmas it is convenient to use a combination of a cylindrical
coordinate system, (R,φ, Z), and a toroidal coordinate system, (r, θ, φ), shown in Figure
(1.3). The angles φ and θ represent the toroidal and poloidal angles, where θ = 0 is
taken at the outside of the toroidal mid-plane. R is the major radial coordinate and the
major radius, R0, is the distance from the torus centre to the centre of the plasma col-
umn. The minor radial coordinate is represented by r and the distance from the centre
of the plasma column to its edge, the minor radius, is denoted by a. The magnetic field
is separated into toroidal, BT or Bφ, and a poloidal, Bθ or Bp, components.
One of the simplest toroidal configurations is a pure toroidal θ-pinch, where the
toroidal magnetic field varies approximately as B ∼ 1/R. The 1/R dependence of the
toroidal field introduces two additional drift velocities: a ∇B drift, due to gradients in
the magnetic field,
v∇B =
mv2⊥
2q
B ×∇B
B3
, (1.11)
and a curvature drift,
vR =
mv2||
2q
Rc ×B
R2cB
2
, (1.12)
where v|| = |v ·B|/B, is the component of velocity parallel to the magnetic field and Rc
is the radius of curvature point away from the centre of curvature. The charge depen-
dencies of these drifts cause the ions and electrons to drift in opposite directions and
the resulting charge separation produces a strong vertical electric field perpendicular
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Figure 1.3: The toroidal
coordinate system used to
describe toroidal plasmas.
to the toroidal magnetic field. This produces an E ×B drift that is the same for ions
and electrons that causes the entire plasma to move radially outwards in the direction
of increasing R. Such plasma are, therefore, not in toroidal equilibrium.
To prevent this bulk radial plasma motion it is necessary to introduce a second field
in the poloidal direction. The resulting helical magnetic field averages out the vertical
charge separation caused by the toroidal drifts allowing the plasma to be in toroidal
equilibrium. The most successful implementation of this scheme to date is the toka-
mak. Tokamaks are characterised by a strong toroidal field, generated by passing a
current through poloidally wound field coils, and a weaker, poloidal field, produced
by toroidal currents carried by the plasma. Generating the required helical twist ne-
cessitates large plasma currents (> 1MA). This current can be driven Ohmically, via
transformer action, however, heat dissipation in the central solenoid and the need for a
constantly varying solenoid current limits the duration over which this current can be
applied. Ohmic current, therefore, serves as a useful way to initiate the plasma but for
steady-state or long pulse operation additional current drive techniques are required.
An illustrative schematic of a tokamak is shown in Figure (1.4).
Although a tokamak plasma is in a state of radial and toroidal equilibrium there is still
a constant outflow of particles and energy. To understand this radial flow it is necessary
to return to the microscopic level and once again consider the motion of individual par-
ticles. Coulomb collisions displace particles to adjacent lines of magnetic field and in a
radial density or temperature gradient this leads to transport across the magnetic field.
Owing to the vast number of particles present, when describing this cross-field motion a
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Figure 1.4: An illustrative tokamak schematic [6].
statistical approach is required. This statistical description of plasmas - kinetic theory
- is the second workhorse of plasma physics, which, along with MHD, forms the basis
of much of the theoretical understanding of tokamak plasmas.
Early kinetic estimates predicted only a modest cross-field energy transport [7] and
led to much early optimism in the field of controlled fusion. Experiments, however,
displayed starkly different levels of transport and it quickly became apparent that the
physical processes governing particle and energy transport were not as simple as first
envisaged. Due to the complex, coupled, and often subtle nature of particle interactions,
the mechanisms responsible for this increased transport are still to be fully understood.
Much of the theoretical and experimental research into fusion plasmas is directly related
to the understanding, and ultimately mitigation, of this so called anomalous transport.
1.3.3 Towards commercial fusion power
Although a comprehensive theory of tokamak transport remains elusive, tokamak fu-
sion research has made substantial progress, an illustration of which is shown in Figure
(1.5), and after approximately 50 years, has entered a new phase with the construc-
tion of the ITER tokamak [8]. The goal of the ITER project is, for the first time,
to demonstrate the scientific and technological feasibility of fusion energy for peaceful
purposes [4]. ITER is an experimental fusion reactor funded and designed by an inter-
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national consortium of research groups and government organisations, currently under
construction in Cadarache, France. Preparation of the ITER site began in January
2007 and, currently, the first plasma is scheduled in December 2025 [9]. Once oper-
ational, ITER will be the world’s largest and most powerful tokamak, with a plasma
volume of approximately 850m3. To prove the feasibility of fusion ITER aims to pro-
duce more power in fusion reactions than that required to sustain the plasma against
its losses, a feat yet to be achieved in any fusion reactor. In order to achieve this ITER
aims to generate 500MW of fusion power while being sustained by 50MW of applied ex-
ternal heating power, therefore, having a fusion energy multiplication factor of Qf = 10.
Nucl. Fusion 50 (2010) 014002 K. Ikeda
Figure 1. Since the mid 1970s, following ‘Moore’s law’, the number of transistors in a microprocessor has doubled every two years. In the
same period, the ‘triple product’ of density, temperature and confinement time, which measures the performance of a fusion plasma, has
doubled every 1.8 years.
Figure 2. Overview of the development of tokamaks during the past 50 years in terms of their size, poloidal shape, power and particle
exhaust concept, magnet technology and mode of plasma operation.
collaboration [2]. Using Thomson scattering to measure
the electron temperature, the group reported observations of
electron temperatures approaching 1 keV. Many of the world’s
leading fusion research laboratories turned their attention
to tokamaks as a result, and the gradual increase in size
and additional heating led to gradually improving plasma
parameters, exemplified by the achievement in neutral beam
heated discharges of ion temperatures of 7 keV in the PLT
tokamak in Princeton in 1978 [3].
While tokamaks with predominantly circular cross-
sections were making the headlines experimentally during the
1970s, two new generations of devices were not only on the
drawing board, but were under construction. The first gener-
ation was not much different in size from the largest of the
1970s devices, but had an increased level of sophistication,
including features such as a poloidal divertor. Soon after one
of the first of these devices, the ASDEX tokamak in Garching,
commenced operation, one of the most fundamental discover-
ies in fusion research was announced: operating in a ‘diverted’
configuration with neutral beam injection heating, the ASDEX
group reported [4] in 1982 that an unexpected transition in the
plasma confinement properties had occurred, approximately
doubling the plasma energy confinement time. In the course of
the 1980s, much tokamak research time was devoted to exploit-
ing and understanding this new ‘H-mode’ operating regime.
The second generation of new devices consisted of
the group of large tokamaks, TFTR in Princeton, JET in
Culham, JT-60U in Naka and T-15 in Moscow. It was this
generation of devices that led the way towards the brink
of DT fusion power production in the 1980s, a promise
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Figure 1.5: Overview of tokamak development in the past 50 years. Originally produced by K
Ikeda in [10]. The letters following each device name represent the country or continent in which
the device is located. It is noted that in the original figure two different shades of red are used.
Only Tore Supra, SST1, KSTAR and ITER employ superconducting magnets.
Following the successful implementation of ITER the next step will be to demonstrate
the viability of fusion as a working reactor, capable of efficiently delivering power to the
grid. This next stage device, often referred to as DEMO, is still in the early design stages,
with various proposals being developed [11, 12], and will build upon knowledge gained
on ITER. As of yet no firm times scales for the deploymen of DEMO have been agre d
upon, but it has been a long standing goal of the global fusion community to generate
elec ricity by 2050. As the pioneering plasma physicist Lev Artsimovich said - Fusion
will be ready when society needs it - and as this need becomes ever ore app ent, th
diverse fiel f fusion research will undoubtedly co tin e to progress towards its shared
objective.
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1.4 Fusion for neutrons
While the ultimate goal of a clean, secure and sustainable energy future is indeed im-
mensely appealing, it is important not to overlook the broader potential of nuclear
fusion. Neutrons have a vast array of potential applications, including: the analysis of
condensed matter and biological samples [13]; contraband detection [14]; the production
of tritium; supporting the nuclear fission industry by converting stockpiles of depleted
uranium into usable fuel [15] and reducing radioactive waste through nuclear transmu-
tation [16, 17]; and in driving sub-critical fusion-fission hybrid reactors [18–20].
Currently, the most common high flux neutron sources are spallation and nuclear
fission. Spallation involves bombarding a target of heavy elements (such as Hg, W, U or
Ta) with a high energy particle beam, typically consisting of protons or deuterons, accel-
erated using a synchrotron to energies on the order of 1GeV. Two prominent spallation
neutron sources are: ISIS, based at the Rutherford Appleton Laboratory, Oxfordshire,
UK, and the Spallation Neutron Source (SNS), based at Oak Ridge National Laboratory,
Tennessee, USA. SNS is the worlds most powerful spallation neutron source, capable of
producing pulsed neutron flux densities on the order of 1016cm−2 s−1 [21] and fluxes of
up to 4.8×1016s−1 [22]. Fission neutron sources are generally smaller than fission power
plants and use highly enriched fuels, such as between 20-95% enriched Uranium-235.
The High Flux Isotope Reactor (HFIR), also based at Oak Ridge, produces 85MW of
fission power and a neutron flux of around 2 × 1017s−1. For comparison, when opera-
tional, the ITER tokamak will produce a neutron flux of around 1.8 × 1020s−1 and a
flux density of around 3× 1013cm−2 s−1.
The potential application of fusion as a high flux neutron source is well established
[23, 24] and was recognised as early as 1946 by Thompson and Blackman in their fusion
reactor patent [3]. Along with the potential applications already noted, a fusion neutron
source would also directly aid the development of fusion power reactors [25–27]. The
need for a dedicated test platform to investigate reactor technologies and the response
of materials under fusion relevant conditions is crucial if fusion is to become a viable
means of global energy production. A so called Component Test Facility (CTF) or
Fusion Nuclear Science Facility (FNSF) would simultaneously address key outstanding
issues such as: breeding tritium and completing the fuel cycle; qualifying materials for
high neutron, particle and heat fluxes; and optimising blanket modules for power ex-
traction.
No longer required to produce net energy, the critical parameter for a fusion neutron
source is the fusion power produced per unit volume - the fusion power density. A
high fusion power density allows the device size and ultimately cost to be minimised
and enables fusion neutron sources to be deployed across a diverse range of potential
applications. Early work by JM Dawson, DL Jassby, HP Furth and FH Tenney [23, 28–
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30] showed that the fusion power density can be raised above the thermonuclear level by
injecting streams of fast particles into a confined plasma, in a process known as neutral
beam injection (NBI). As these fast particles can be injected with velocities much higher
than that of the confined, thermal plasma, collisions between fast beam and thermal
ions can have relative collision energies close to the peak of the DT reaction cross-
section (∼ 125keV), where the fusion reactivity is maximised. The enhanced reactivity
obtainable in beam-driven plasma systems means they are ideally suited to high power
density operation.
1.5 Thesis objectives & outline
The contents of this thesis can be broadly separated into three sections divided over
four Chapters. Firstly in Chapter 2, it is necessary to delve into the theory of tokamak
plasmas and give details of the fundamental concepts that underpin this thesis. The
specific topics reviewed cover a broad range of tokamak physics and the latter part of the
chapter is dedicated to the behaviour of fast particles in plasmas. The second section
(Chapters 3 and 4) is concerned with the principles of maximising fusion power density
in neutral beam-driven plasmas and how these principles can be applied to device design.
Combined, these Chapters give details of a unique, high power density device, optimi-
sation procedure. The third and final section (Chapter 5), explores a novel operating
regime - the isothermal tokamak - where the temperature profiles of all species are flat.
This regime has attracted significant interest due to its greatly enhanced confinement
characteristics and relevance as an ideal tokamak reference. The isothermal tokamak,
therefore, presents an attractive option for both efficient neutron and power production.
In summary, the remainder of this thesis is arranged as follows:
Chapter 2: Magnetic confinement fusion
An introduction to the theory of magnetic confinement fusion with a particular
focus on neutral beam interactions and beam-driven plasma systems
Chapter 3: Maximising fusion power density
A detailed study of the plasma conditions necessary for maximising fusion power
density in a neutral beam-driven tokamak reactor
Chapter 4: High power density device optimisation
The results derived in the previous Chapter are placed in the context of reactor
design and used to inform and optimise the design of a high power density device
Chapter 5: The isothermal tokamak
A novel class of tokamak is investigated and an analytic equilibrium derived
Chapter 6: Conclusions
A summary of the results is presented and suggestions for future work given
2 Magnetic confinement fusion
2.1 The Tokamak
The tokamak concept first gained global recognition in April 1956 when, in a lecture at
Harwell [31] titled On the Possibility of Producing Thermonuclear Reactions in a Gas
Discharge, Igor Kurchatov discussed high current discharge experiments on the TMP
device, located at Laboratory No.2 of the USSR Academy of Science, Moscow. Al-
though, in many respects, very similar in concept to present day tokamaks, the TMP is
not considered as the first tokamak as it had insulating inserts in the vacuum chamber.
It is the T-1 device, which had an all metal chamber and, in 1958, began operation at
the Kurchatov Institute (formerly Laboratory No.2) that holds the title of the world’s
first tokamak. It is hard to say exactly when the tokamak concept was first conceived
due to the highly classified nature of early fusion research in the post World War II
era, but, its conception is generally credited to Andrei Sakharov and Igor Tamm, whose
early papers, along with those of their collaborators, are publish in a three volume series
Physics of Plasma and Controlled Thermonuclear Reaction Problem [32–34].
Figure 2.1: Early Tokamak pioneers. From left to right - Igor Tamm, Andrei Sakharov, Lev
Artsimovich and Igor Kurchatov.
The first major breakthrough in tokamak research came in 1968, when, at the Third
International Conference on the Physics of Hot Plasma and Nuclear Fusion in Novosi-
birsk [35], a team of Russian scientist reporting on results obtained on the T-3 tokamak
announced that they had achieved record temperatures in a confined plasma discharge.
Due to scepticism relating to the accuracy of their temperature measurement technique,
the head of the Russian Nuclear Fusion programme, Lev Artsimovich, invited British
researchers from the Culham Laboratory of Plasma Physics to measure the electron tem-
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perature using a novel laser Thompson scattering diagnostic [36]. The Russian team’s
results were verified and an electron temperature of 1keV was recorded.
Following this promising result, tokamaks became the leading magnetic confinement
fusion scheme and numerous devices were constructed all over the world in the years
following. Since then, over 200 devices have been operated [37] and tokamaks have had
continued success, remaining at the forefront of MCF studies.
2.1.1 Magnetic field structure
Magnetic confinement schemes are characterised by the structure of the confining mag-
netic field. In a tokamak this field is a superposition of a strong toroidal field and a
weaker poloidal field. In the cylindrical coordinate system, depicted in Figure (1.3), the
total magnetic field is:
B = BRRˆ+Bφφˆ+BzZˆ, (2.1)
where the notation, aˆ, denotes a unit vector. To a good approximation, toroidal equi-
libria are axisymmetric about the central axis of the torus, due to the regular, planar
nature of the toroidal magnetic field coils. Therefore, any derivatives with respect to the
toroidal angle vanish, ∂/∂φ→ 0. Defining a new variable, the poloidal flux, ψ, which is
related to the magnetic field by
BR = − 1
R
∂ψ
∂Z
, BZ =
1
R
∂ψ
∂R
, (2.2)
it follows that,
B · ∇ψ = BR ∂ψ
∂R
+Bφ
(
1
R
∂ψ
∂φ︸︷︷︸
=0
)
+BZ
∂ψ
∂Z
= − 1
R
∂ψ
∂Z
∂ψ
∂R
+
1
R
∂ψ
∂R
∂ψ
∂Z
B · ∇ψ = 0. (2.3)
Hence, magnetic field lines lies on surfaces of constant flux. These flux surfaces form a
nested structure, as depicted later in Figure (2.2).
As both the poloidal and toroidal fields depend on the plasma current density, j, it
is also necessary to determine the spatial form of j. A current flux function, f(R,Z),
jR = − 1
µ0R
∂f
∂Z
, jZ =
1
µ0R
∂f
∂R
, (2.4)
may also be defined and must satisfy Ampe`re’s law,
∇×B = µ0j. (2.5)
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Again, noting the toroidal symmetry it follows that,
µ0jR = (∇×B)R =
1
R
∂BZ
∂φ︸ ︷︷ ︸
=0
−∂Bφ
∂Z
µ0jZ = (∇×B)Z =
1
R
∂
∂R
(RBφ)− 1
R
∂BR
∂φ︸ ︷︷ ︸
=0
.
Therefore, f(R,Z) is related to the toroidal field by,
Bφ =
f(R,Z)
R
. (2.6)
Comparing this with the vacuum toroidal field, which is given by Ampe`re’s law as,
Bφ =
µ0Irod
2piR
, (2.7)
where Irod is the rod current in the toroidal field coils, it is clear that Bφ ∝ 1/R only
when f(R,Z) = constant, which only occurs outside of the plasma where there is no
plasma current. Inside the plasma the poloidal current,
jp = −
1
µ0
(∇f ×∇φ) , (2.8)
perturbs the toroidal field from its vacuum form.
Using the definition of ψ(R,Z), Equation (2.2), the relationship between f(R,Z)
and the toroidal field, Equation (2.6), and the definition of the toroidal unit vector,
φˆ = R∇φ, the total magnetic field may be expressed in vector form as,
B = f(ψ)∇φ︸ ︷︷ ︸
toroidal field
+∇φ×∇ψ︸ ︷︷ ︸
poloidal field
, (2.9)
with the magnitude of the poloidal field denoted Bp or Bθ and the toroidal field BT or
Bφ. The helicity of the magnetic field is described by the safety factor,
q(ψ) =
1
2pi
∮
1
R
Bφ
Bθ
ds, (2.10)
where the integral is performed poloidally around a flux surface. The safety factor is
equal to the number of times a field line goes round the torus in the toroidal direction
before returning to its initial poloidal position. It plays an important role in determining
the stability of the plasma to MHD instabilities, with high q generally being favourable.
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Using Equation (2.4) the total plasma current density may be written,
j = jφR∇φ︸ ︷︷ ︸
toroidal
− 1
µ0
(∇f ×∇φ)︸ ︷︷ ︸
poloidal
. (2.11)
Since j · ∇ψ = 0 no plasma current flows across flux surfaces.
Using the MHD equilibrium condition, Equation (1.10), it follows that,
B · ∇p = B · (j ×B) = 0, (2.12)
and, therefore, the plasma pressure is constant on flux surfaces, p = p(ψ). It is clear
then, that ψ is a very useful coordinate when describing tokamak plasmas and it is often
convenient to define a new toroidal coordinate system (ψ, θ, φ), where the radial coordi-
nate r is replaced by ψ. This new toroidal system is particularly useful when describing
highly shaped plasmas, where the flux surfaces are far from circular and quantities that
are constant in ψ can vary significantly along surfaces of constant r. Parameters that
are constant in ψ are termed flux functions. Due to the rapid transport of particles
parallel to the magnetic field the temperature quickly equilibrates along magnetic field
lines and, to a good approximation, is also a flux function.
For a tokamak plasma to be in MHD equilibrium the magnetic field, current density
and pressure profiles must satisfy, j×B = ∇p. Making the relevant substitutions leads
to a differential equation, the Grad-Shafranov equation [38, 39], which describes the
possible plasma equilibria,
R2∇ ·
(∇ψ
R2
)
= −µ0R2 dp
dψ
− f df
dψ
. (2.13)
An example tokamak equilibrium is shown in Figure (2.2).
It is useful to now introduce some nomenclature, by making reference to Figure (2.2).
Along with the major and minor radii introduced in Section 1.3.2 plasma geometries
are also described by: the aspect ratio, A = R0/r (or inverse aspect ratio  = A
−1), the
elongation, κ, and the triangularity, δ. Using these parameters the plasma volume, V ,
and surface area, S, are approximated as:
V =
(
2pi2κ(1− δa) + 16
3
piκδa
)
2aR
3
0 (2.14)
S =
(
4pi2κ0.65 − 4κδa
)
aR
2
0, (2.15)
where a is the inverse aspect ratio at the plasma edge, a = a/R0. The inverse aspect
ratio plays an important role in plasma confinement. Devices with   1 are known
as large aspect ratio or conventional and the plasma shape resembles that of a dough-
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Figure 2.2: A poloidal cross section of the JET tokamak. The concentric flux surfaces are
indicated along with the divertor region, separatrix and the scrape off layer (SOL). The plasma
shaping parameters κ and δ are also defined.
nut. Tight aspect ratio or spherical tokamaks have higher inverse aspect ratios,  & 0.3,
and the plasma shape resembles that of a cored apple and the poloidal cross section is
highly D-shaped. As will be seen later, the confinement properties of conventional and
spherical tokamaks can be markedly different.
The region at the base of the plasma, shown in Figure (2.2), is known as the divertor.
The purpose of the divertor, as the name suggests, is to divert particles escaping the
confined plasma to an isolated region where they may be more effectively removed. This
is achieved using additional current carrying poloidal field coils to form a null or X-point
in the net poloidal field. The magnetic field lines passing through this X-point lie on
a surface known as the last closed flux surface (LCFS) or separatrix and the confined
plasma is defined as the region interior to this surface. Plasma particles crossing the
LCFS enter the scrape off layer (SOL) where they are rapidly transported along the
lines of magnetic field, past the X-point and into the divertor region, where they finally
hit the divertor target (or strike) plates.
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2.1.2 Plasma beta
The efficiency of plasma confinement can be expressed as the ratio of the plasma pres-
sure, p, to the magnetic pressure,
β =
p
B2/2µ0
. (2.16)
This ratio is known as the plasma beta. It is customary to also introduce the toroidal
beta, βT , defined as the volume averaged plasma pressure, 〈p〉, divided by the magnetic
pressure corresponding to the on-axis vacuum toroidal magnetic field, BT0, given in
Equation (2.7),
βT =
〈p〉
B2T0/2µ0
. (2.17)
In thermonuclear systems the fusion power per unit volume, the fusion power density,
scales approximately as Pf ∝ 〈p〉2 ∝ β2TB4T0. From this expression it can be seen that
achieving a high fusion power density requires either a high toroidal beta, βT , or a large
toroidal field, BT0. Conventional aspect ratio (  1) devices are able to achieve only
relatively low plasma betas, βT ∼ 1 − 5%, before becoming unstable to MHD disrup-
tions, while spherical tokamaks ( & 0.3) can operate at much high βT , with the highest
values of βT ∼ 40% recorded on START [40]. The improved confinement efficiency
observed on spherical tokamaks can be understood by noting that compared to large
aspect ratio tokamaks the particles in spherical tokamaks spend a greater portion of
time on the inboard side on the torus, where the magnetic field is greatest. In this
region instabilities driven by pressure gradients are opposed by the stabilising effect of
the magnetic field curvature, while on the outboard side the field line curvature acts
to destabilise pressure gradient driven instabilities. A simple schematic of a top down
view of a tokamak plasma showing the good and bad curvature regions is depicted in
Figure (2.3).
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Figure 2.3: Field line curvature regions in
a tokamak plasma. When the radius of cur-
vature, denoted by κ¯, acts in the same di-
rection as the pressure gradient, κ¯ ·∇p > 0,
the curvature has a destabilising effect on
∇p driven instabilities, but when κ¯ ·∇p < 0
the effect is stabilising.
Due to their compressed geometry, however, spherical tokamaks have reduced space
at the torus centre and have only been able to achieve modest toroidal fields, ∼ 1T,
when compared to conventional aspect ratio tokamaks.
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Large aspect ratio devices, such as EAST [41], Tore Supra [42] and KSTAR [43], have
also benefited from being able to use superconducting toroidal field coils, such as those
made from niobium-titanium (NbTi) and niobium-tin (Nb3Sn), to further increase BT0
and simultaneously reduce the net power consumption. The thick neutron shielding
and high cooling power required to keep the current-carrying superconducting tapes
below the critical temperature for superconductivity (∼ 4K) means low temperature
superconductors are not compatible with spherical tokamaks.
In the last decade there has been a significant development in a new class of high-
temperature superconductors (HTS) [44–46] capable of operating at temperatures upto
∼ 80K. Compared to low temperature superconductors, HTS has far better neutron
irradiation resilience [47] and requires less shielding. Coupled with the reduced cooling
requirements associated with higher temperature operation, this shrinks the size of the
superconducting centre post, making spherical tokamak application a possibility [48].
2.1.3 Trapped particles
As particles orbit the tokamak in the poloidal direction they will experience a changing
magnetic field due to the approximate 1/R dependence of the toroidal field, which varies
between Bmin on the outboard side (θ = 0) and Bmax on the inboard side (θ = pi), as
depicted in Figure (2.4). Particles moving in a spatially varying magnetic field will
be subject to the magnetic mirror force, F = −µ∇||B, where the magnetic moment,
µ = (mv2⊥/2)/B, is a so-called adiabatic constant of motion.
Poloidal angle, θ
−pi 0 pi
|B|
Bmin
Bmax
Figure 2.4: The mag-
netic field variation as a
function of poloidal angle,
θ, in a tokamak
A second, absolute, constant of motion is a particle’s total energy, which is given by
the sum of the kinetic and electric potential energies,
E = mv
2
2
+ qΦ = constant, (2.18)
where Φ is the electric potential. Assuming Φ ∼ constant, as is typically the case along
each flux surface, the conservation of energy implies that, v2 = v2|| + v
2
⊥, is conserved.
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Defining a new adiabatic constant of motion,
λ ≡ µB0
mv2/2
=
v2⊥
v2
B0
B
, (2.19)
where B0 is the magnetic field at some arbitrary reference point, typically taken at the
magnetic axis (R = R0), it follows that particles satisfying,
B0
Bmax
< λ ≤ B0
Bmin
, (2.20)
will be reflected by the magnetic mirror force as they move in the direction of increasing
magnetic field. Such particles are termed trapped as they are not free to explore the
entire poloidal cross-section and are confined to the outer side of the torus. The poloidal
angle, θb, at which v|| = 0 is known as the bounce point and particles oscillate between
−θb and θb at a characteristic bounce frequency [49, p. 129],
ωb =
v⊥
qR0
(
r
2R0
)1/2
. (2.21)
Particles satisfying 0 < λ < B0/Bmax are free to move along the field line and, al-
though the mirror force decelerates them, it is not sufficiently strong to reflect them.
These particles are referred to as passing, untrapped or circulating. The parallel velocity
of both trapped and passing particles may be expressed as, v|| = σv (1− λB/B0)1/2,
where σ = sign
[
(v/v) · bˆ
]
= ±1, remaining constant for passing particles and changing
sign at the bounce point for trapped particles, and bˆ is a unit vector pointing along
the magnetic field. The relative magnitudes of the perpendicular and parallel velocity
components can be expressed in terms of the pitch-angle variable, ξ = (v/v) · bˆ = v||/v.
In the large aspect ratio limit ( 1) the fraction of trapped particles is [50, p. 485],
ft =
(
2
1 + 
)1/2
≈ (2)1/2 , (2.22)
and represents only a small fraction of the total particle population. However, as shall
be seen later, this small population of trapped particles plays a crucial role in the radial
transport of particles and energy. In the opposite limit of unit aspect ratio,  = 1, there
are no passing particles and, as a result, in spherical tokamaks the fraction of trapped
particles can be large.
The ∇B and curvature drifts introduced in Section 1.3.2 combine to give a net drift
with velocity [50, p. 481],
vd =
ma
qa
(
v2|| +
v2⊥
2
)
Rc ×B
R2cB
2
, (2.23)
2.1 The Tokamak 41
where Rc is the radius of curvature pointing away from the centre of curvature. Over
a poloidal period (passing particles) or bounce period (trapped particles) this velocity
causes particles to drift away from their initial flux surface. This deviation is most
severe for trapped particles as they have a lower parallel velocity. Passing particles have
relatively large parallel velocities and quickly move around the torus in the poloidal
direction, only deviating slightly from their initial flux surfaces.
An example of passing and trapped particle orbits is shown in Figure (2.5). Co-moving
particles, those with a parallel velocity component that points in the direction of the
magnetic field, and counter-moving particles, those whose parallel velocity component
is anti-aligned with the magnetic field, trace out different poloidal orbits. Considering,
as an example, just the ions, the combined drift velocity is always in the positive Zˆ
direction, resulting in an upward drift. Co-moving particles trace out an orbit with a
radius larger than that of the flux surface on which the particle originated, while the
opposite is true of counter-moving particles.
R
Z
v|| < 0 v|| > 0
Flux surface
Initial
position
R
Z
v|| < 0 v|| > 0
Figure 2.5: Passing and trapped particle orbits projected onto a poloidal plane in a tokamak.
The sign of the particles velocity parallel to the magnetic field at the initial position is indicated.
Co (v|| > 0) and counter (v|| < 0) moving particles trace out different poloidal orbits as the drift
velocity acts in the same vertical direction.
For a particle to be scattered between the passing and trapped populations it needs
only be deflected by a small angle ∼ 1/2 and, because Coulomb collisions cause a
diffusion in velocity space as a result of many small angle collisions, it is useful to in-
troduce the effective collision frequency, νeff = ν/, where ν is the familiar 90° collision
frequency, which scales as, ν ∝ n/T 3/2e .
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2.2 Confinement
Although a tokamak plasma is magnetically confined and in a state of toroidal equilib-
rium there is still a constant loss of both particles and energy due to radial transport.
In order to sustain the plasma these losses must be balanced. The time evolution of the
total plasma stored energy density, Wp, is
dWp
dt
= Pin − Pout = Pin − Wp
τE
− Pradiation. (2.24)
The plasma stored energy density is that which is due to the thermal pressure, pthermal,
and is defined as
Wp =
3
2
pthermal =
3
2
(neTe + nDTD + nTTT ) , (2.25)
where the subscripts denote the particle species. The total heating power per unit vol-
ume, Pin, includes the auxiliary heating, Pext, and any plasma self-heating due to the
confinement of energetic fusion born alpha particles, Pα. It should be noted that only
charged particles can contribute to the fusion self-heating. Any neutral particles, such
as neutrons, are unaffected by the confining magnetic field and are immediately lost
from the plasma.
The global energy confinement time, τE , is the characteristic time scale describing
the rate at which energy is lost from the plasma. In Equation (2.24) τE accounts
for the energy lost due to transport effects only, with any radiated power, Pradiation,
considered separately. This is the conventional definition, although, it should be noted
that the radiated power is sometimes accounted for in τE . Fusion plasmas emit a
broad spectrum of electromagnetic radiation, including bremsstrahlung and cyclotron
radiation. Typically the dominant radiative loss mechanism is bremsstrahlung radiation,
as the plasma is relatively opaque to cyclotron radiation. The radiated power density
due to bremsstrahlung radiation is defined in [49, p. 228] as,
Pbrem = 5.35× 10−31neTe(keV)1/2
∑
i
niZ
2
i
[
MW m−3
]
, (2.26)
where the summation is taken over all ion species, including any impurities.
In a D-T reactor the vast majority of the fusion power is due to D-T reactions, which
have a fusion power density,
Pf = nDnT 〈σv〉EDT , (2.27)
with the corresponding alpha particle self-heating power density taken here as, Pα =
nDnT 〈σv〉Eα, where Eα = 3.5MeV. In reality, some of the fast alpha particles will
escape the confined plasma before depositing all of their energy and the self-heating
power, Pα, will be less than that quoted. However, for the general discussions given
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here, it is sufficient to assume that all alpha particles are confined and that the self-
heating power takes its maximum value.
Since the plasma is capable of fusion self-heating there exists a highly desirable steady-
state operating point where the plasma is sustained against all energy losses by self-
heating and no external heating power is required. Making the analogy to a burning
coal reactor, where all that is needed to sustain the reaction is a constant supply of fuel,
this operating point is referred to as ignition and the plasma is said to be burning.
In a thermonuclear system the maximum D-T reaction rate is obtained when nT = nD
and, using the quasi-neutrality condition, ne = nD+nT , the alpha particle heating power
density is,
Pα =
1
4
n2e〈σv〉Eα. (2.28)
In steady-state, dWp/dt = 0, and, neglecting radiation, the criteria for ignition is found
by setting Pin = Pα in Equation (2.24), to yield
neτE ≥ 12T〈σv〉DTEα , (2.29)
where, for simplicity, it is assumed that the plasma is in thermal equilibrium, Te =
TD = TT = T . Multiplying both sides of Equation (2.29) by T gives,
neTτE ≥ 12T
2
〈σv〉DTEα . (2.30)
The quantity neTτE is known as the fusion triple product and is a useful performance
indicator as it contains two key parameters, the plasma pressure, and the energy con-
finement time. Since the fusion power density is proportional to p2thermal〈σv〉/T 2, at
fixed thermal pressure the fusion power density is maximised when T 2/〈σv〉 is min-
imised. The right hand side of Equation (2.30) has a minimum at T = 14keV at which
point the requirement for ignition is neTτE ≥ 3 × 1021m−3 keV s. This condition is
often referred to as the Lawson criteria, named after JD Lawson, who first noted its
significance [51].
For reactors operating below ignition a primary figure of merit is the fusion energy
multiplication factor, Qf , defined as the ratio of fusion power to externally applied
heating power,
Qf =
Pf
Pext
. (2.31)
For a reactor to power its own external systems, such as those used to produce the
magnetic field and drive the plasma current, and still generate commercially competitive
net electricity, a minimum energy multiplication of around 30 is required. Presently,
tokamaks operate with Qf < 1 and one of the current goals of the fusion community is to
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Figure 2.6: Historical progress in plasma confinement, represented by the fusion triple product,
nTτE.
achieve energy break-even, where Qf = 1. Historical values of the fusion triple product
are plotted in Figure (2.6). The JT-60U device, based in Japan, holds the current record
for the highest triple product, neTτE = 1.53× 1021m−3 keV s. JT-60U operated with a
pure deuterium plasma, but had the plasma been composed of equal parts deuterium
and tritium it is estimated that an energy multiplication factor of Q ≈ 1.25 would have
been achieved.
2.2.1 Particle and energy transport
The energy confinement time, τE , is governed by the radial transport of particles and
energy. To understand these processes it is necessary to derive transport equations of
the form,
∂n
∂t
+∇r · Γ = Sparticles (2.32)
∂
∂t
3nT
2
+∇r ·Q = Sheat, (2.33)
where Γ and Q are the particle and heat fluxes, S represents a source and the gradients
are taken in the minor radial direction. The heat flux, Q, contains both the conductive,
q, and the convective, ∼ 5/2TΓ, heat fluxes. In a neutral gas these fluxes can be related
to gradients in density and temperature, by the diffusion coefficient, D, and thermal
conductivity, χ, as Γ = −D∇n and q = −χ∇T . In a plasma the situation is more
complex and it is convenient to display the transport equations in matrix form: Γe/neqe/neTe
qi/niTi
 = −
 Dn De Diχen χe χei
χin χ
i
e χi
 ·
 ∇rne/ne∇rTe/Te
∇rTi/Ti
 , (2.34)
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where, due to the ambipolar nature of particle transport, Γi = Γe/Zi. Transport can,
of course, also be parallel to the magnetic field, however, due to the closed structure of
the magnetic field lines, there is no net radial flow associated with parallel transport.
Transport processes can be broadly divided into three main categories: classical,
neoclassical and anomalous. Classical transport describes the transport fluxes aris-
ing from the gyro-motion of particles and using random walk arguments, a classical
diffusion coefficient may be estimated as the product of the collision frequency, ν,
and the square of the characteristic collisional step length, the Larmor radius, ρ, as
D ∼ νρ2 ∼ nT−1/2B−2. Neoclassical transport is the extension of classical transport to
include the effects of toroidal geometry, namely trapped particle dynamics and toroidal
drifts, and exceeds classical transport by a factor ∼ q2/3/2. The theory of classical
and neoclassical transport is well understood and the associated fluxes set a lower limit
on the transport losses. Unfortunately, the experimentally observed transport typically
exceeds this minimum level, with the additional transport commonly referred to as
anomalous or turbulent. Small scale turbulent fluctuations of the local plasma density
and the electric and magnetic fields - micro-instabilities - are believed to be the primary
cause of the observed transport. Although numerous mechanisms have been predicted
[52], as of yet, no comprehensive description exists.
2.2.2 Kinetic theory
A plasma consists of a mixture of electrons and ions, each characterised by a position,
r, and velocity, v. In principle, a plasma could be completely characterised by solving
for the position and velocity of every particle in the region of interest. However, due to
the large number of particles (of the order 1020m−3 in tokamak plasmas) and possible
interactions, such an approach is completely unfeasible. Instead, a statistical approach is
required. Each particle species can be represented by a distribution function, f(r,v, t),
which defines the number of particles at time t in a 6 dimensional volume element drdv
surrounding the point (r,v). It follows that the number density of particle species a at
point r is given by
na(r, t) =
∫
v
fa(r,v, t)dv. (2.35)
It is the goal of kinetic theory to describe the time evolution of the distribution func-
tion of each plasma species. By treating the effects of the macroscopic electric and
magnetic fields separately from those of the strong, short range fields that act on length
scales comparable to the Debye length the evolution of the distribution function may
be described by the kinetic equation,
∂fa
∂t
+ v · ∇fa + ea
ma
(E + v ×B) · ∂fa
∂v
=
(
∂fa
∂t
)
c
+ Sa. (2.36)
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The terms on the left hand side describe the effects of the macroscopic electric and mag-
netic fields, those which have been averaged over many Debye lengths. Close to each
particle, on length scales comparable to the Debye length, the electric and magnetic
fields fluctuate strongly due to the discrete nature of particles. These short range fields
govern particle interactions and their effects are grouped together and described by the
collision operator, (∂f/∂t)a, also denoted Ca(fa). This operator appears on the right
hand side of the kinetic equation, along with any particle sources and sinks, Sa(r,v, t).
It is noted that the kinetic equation is often quoted without Sa, but it is included here
for completeness and because of its relevance to fast particles.
The total collision operator, Ca(fa) describes the change in the distribution of particle
species a due to collisions with all plasma species, including collisions with particles of
the same species. Collisions with each species can be considered independently, allow-
ing the total collision operator to be expressed as Ca(fa) =
∑
bCab(fa, fb), where the
summation is taken over all species. For example, the collision operator for ions in an
ion-electron plasma is Ci(fi) = Cii(fi, fi)+Cie(fi, fe). For a Maxwellian plasma in ther-
mal equilibrium, C(FM ) = 0, as collisions drive the distributions towards Maxwellian.
In fusion relevant plasmas, the majority of Coulomb collisions result in continual,
small deflections of a particle’s velocity vector. This allows the effects of collisions to be
described by the Fokker-Planck collision operator rather than the more general Boltz-
mann operator used when describing gases. In such a situation, Equation (2.36), is
know as the Fokker-Planck equation. In the absence of collisions the collision operator
vanishes and Equation (2.36) reduces to the Vlasov equation.
Kinetic theory has many applications, one of which is determining the transport of
particles, energy and momentum in tokamak plasmas. Before proceeding further it is
necessary to introduce some applied orderings, which describe the relative importance
of the physical processes. Firstly, the Larmor radius is assumed small compared to the
characteristic length scale of variation, L,
δ = ρ/L 1. (2.37)
This is a fundamental expansion parameters and states that the plasma parameters
(temperature, density, magnetic field etc) are locally homogeneous on length scales
comparable to the Larmor radius. This ordering must be satisfied for all plasma species
and as ρi/ρe = (mi/me)
1/2, is most severe for ions. The distribution function may then
be expanded in orders of δ as fa = fa0 + fa1 + fa2 . . .. The plasma is also assumed to
be magnetised, such that the gyro-frequency, ωc, exceeds the collision frequency, ν,
ν
ωc
 1. (2.38)
2.2 Confinement 47
This condition is almost always satisfied in magnetically confined fusion plasmas and
ensures the plasma is strongly magnetised, with particles undergoing many gyro-orbits
before being displaced by a collision. If this condition was not satisfied the particle
dynamics would be dominated by collisions and the magnetic field would be too weak
to effectively confine the plasma.
It is useful to also introduce the drift or gyro-averaged kinetic equation. Because many
of the plasma phenomenon of interest involve processes which are slow compared to the
gyro-period and act on length scales greater than the Larmor radius the distribution
function can be averaged over a gyro-angle, ϕ,
f¯a =
1
2pi
∫
fadϕ. (2.39)
The resulting kinetic equation describes the motion of guiding centres and neglects
Larmor effects. To lowest order in δ the resulting drift-kinetic equation reduces to,
v||∇||fa0 = C(fa0), (2.40)
where, for ease of notation, fa0, represents the gyro-averaged distribution function. For
both ions and electrons this lowest order kinetic equation is satisfied by a Maxwellian
distribution. Therefore, to lowest order the guiding centre distribution is Maxwellian,
fa0 = FaM . To first order the drift-kinetic equation reduces to,
v||∇fa1 + vd · ∇fa0 −
eav||E||
Ta
fa0 = Ca(fa1), (2.41)
where E|| is the externally applied electric field parallel to the magnetic field. This first
order expression determines the correction, fa1, to the lowest order Maxwellian solution.
2.2.3 Neoclassical transport
Classical transport can be understood as the transport due to deviations from Maxwellian
resulting from the gyro-motion of particles and is inherently small. Neoclassical trans-
port is due to deviations in the distribution of guiding centres from Maxwellian intro-
duced by the toroidal geometry and is much larger than classical transport.
Three collisionality regimes have been identify: the Pfirsch–Schlu¨ter regime - where
the collisionality is high and the guiding centre motion of particles is dominated by col-
lisions. In this regime particles do not complete bounce orbits before being displaced.
The banana regime - where the collisionality is low, such that particles may complete
many bounce orbits before being scattered. In this regime the guiding centre orbits of
trapped particles, shown in Figure (2.5), resemble that of a banana, hence the name.
The third regime, the plateau regime, lies between the Pfirsch–Schlu¨ter and banana
regimes, where collisions and bounce motion are of approximately equal importance.
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Typically, the banana regime dominates over much of the poloidal cross-section and
it is only towards the plasma edge where the temperature is lower that the plasma may
enter the plateau and Pfirsch-Schlu¨ter regimes. As such, only banana regime transport
is considered here. In the banana regime the effective collision frequency is much less
than the bounce frequency,
νeff
ωb
 1, (2.42)
and particles complete many bounce orbits before being displaced by a collision.
Using random walk arguments the collisional step length is approximated as the ba-
nana width, ∼ −1/2qρ, which exceeds the classical step length, the Larmor radius,
by −1/2q. The frequency of collisions is given by the effective collision frequency,
νeff = ν/, as particles only need to be scattered between passing and trapped orbits for
a collision to be significant. Since only the trapped particle fraction, ∼ 1/2, contributes
to the flux, the random walk diffusion coefficient becomes, D ∼ 1/2ν−1(−1/2qρ)2 ∼
−3/2q2νρ2.
The neoclassical transport fluxes can be determined using the kinetic approach as
〈Γa〉neo =
〈∫
favd · ∇ψ|∇ψ|dv
〉
, (2.43)
where fa is the guiding centre distribution found by solving the drift kinetic equation.
If the distribution of guiding centres is Maxwellian, fa = FMa, there is no neoclassical
transport.
In the large aspect ratio limit the drift kinetic equation can be solved for the radial
transport coefficients [49, p. 167],
 Γe/neqe/neTe
qi/niTi
 = −3/2q2ρ2e
τe

−1.12
(
1 +
Ti
Te
)
0.43 0.19
1.53
(
1 +
Ti
Te
)
−1.81 −0.27
0 0 −0.68
(
mi
me
Te
Ti
)1/2
·
 ∇rne/ne∇rTe/Te
∇rTi/Ti
 .
(2.44)
Clearly, the ion conductive heat flux is the dominant heat loss mechanism as it is on the
order (mi/me)
1/2 larger than the other convective and conductive thermal fluxes. In the
large aspect ratio limit the higher order corrections to the distribution function can be
determined analytically by making certain approximations which rely on the smallness
of . At higher aspect ratios these simplifying approximations are no longer valid and
the situation is more complex as the higher order terms can no longer be consistently
neglected. As such, a full analytic calculation of the neoclassical transport fluxes at
arbitrary aspect ratio does not exist, although approximations have been given. For the
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interested reader an excellent review of classical and neoclassical transport is given by
P Helander and DJ Sigmar in [53].
2.2.4 Bootstrap current
The presence of a trapped particle population leads to an interesting and subtle phe-
nomenon - a self-driven current, parallel to the magnetic field: the bootstrap current.
This current is unique to toroidal plasmas and has no cylindrical analogy. The bootstrap
current is a result of the collisional friction between the passing and trapped electron
populations.
In the large aspect ratio limit the bootstrap current density is given by [49, p. 173],
jbs = −
1/2n
Bθ
[
2.44(Te + Ti)
1
n
dn
dr
+ 0.69
dTe
dr
− 0.42dTi
dr
]
. (2.45)
In spherical tokamaks especially, this self-driven current can account for a significant
fraction of the total plasma current.
2.2.5 Anomalous transport
While a complete theory of anomalous transport remains elusive, there is strong evidence
[54–56] to suggest that the fluxes in excess of that predicted by neoclassical theory
are a result of small scale fluctuations in the local density, δn, and the electric and
magnetic fields, δE and δB. These fluctuations, referred to as micro-instabilities or
mirco-turbulence, can lead to enhanced radial transport due to the resulting perturbed
E ×B drift velocity, δvr. The corresponding anomalous particle flux is given by
Γr = 〈δnδvr〉. (2.46)
Similar expressions for the anomalous heat flux exist. The parallel motion of particles
along fluctuating magnetic field lines also produces an anomalous flux.
One such class of micro-instabilities, drift-instabilities, are often cited as being the
dominant mechanism responsible for the observed enhanced radial transport. Drift-
instabilities are associated with a fundamental plasma wave, present in all tokamak
plasmas, the electron drift wave. The electron drift wave can be illustrated by consider-
ing a slab of plasma in a uniform magnetic field with a perpendicular density gradient,
as shown in Figure (2.7). In the presence of a small density perturbation, δne, the elec-
trons, on account of their low inertia, flow rapidly along the magnetic field, generating
an electric field and establishing parallel force balance,
∇||pe + neeE|| = 0. (2.47)
Linearising Equation (2.47), neglecting any parallel temperature gradients (∇||T = 0)
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Figure 2.7: An illustration of the electron drift
wave. The uniform magnetic field points into
the page and there is a density (pressure) gra-
dient from left to right. In the presence of a
density perturbation, δn, electrons move par-
allel to B to establish force balance, generat-
ing a perturbed electrostatic potential, δφ '
(Te/e)(δne/ne). The resulting E × B drift ve-
locity causes the density and electric potential to
oscillate, with the resulting wave - the electron
drift wave - propagating perpendicular to both B
and ∇p. The solid and dotted curves represent
surfaces of constant density.
and assuming electrostatic perturbations, E|| = −∇||φ, the density, δne, and electro-
static, δφ, perturbations are related by,
δne
ne
=
eδφ
Te
. (2.48)
This relation is known as the adiabatic or Boltzmann response. This perturbed elec-
trostatic potential produces a perturbed electric field perpendicular to both B, and
∇p. The resulting E ×B drift raises the density in regions where δn < 0 and reduces
it in regions δn > 0, generating a drift wave that propagates perpendicular toB and∇p.
For the case depicted in Figure (2.7) the perturbed density, δn, and the drift velocity,
δvr, are pi/2 out of phase and, as a result, there is no net flux, Γ = 〈δnδvr〉 = 0.
However, numerous processes, including dissipation, particle resonance or the presence
of trapped particles, can lead to a phase shift and subsequent destabilisation of the drift
wave. The mode grows until an equilibrium is reached where the resulting particle flux
suppresses any further growth.
2.2.6 Confinement scalings
Due to the lack of a robust theoretical understanding of all the processes governing
particle and energy transport it is necessary to use empirical methods to predict the
confinement characteristics of tokamak plasmas. The most widely employed method
uses statistical fittings based on experimental data to determine the dependence of the
energy confinement on the parameter space investigated. These scalings are typically
quoted in terms of the engineering parameters:
– Ip - plasma current (MA)
– BT0 - on axis vacuum toroidal magnetic field (T)
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– P - heating power (MW) including externally applied and alpha particle heating
– ne,19 - electron density (10
19m−3)
– M - average atomic mass (a.m.u)
– R0 - plasma major radius (m)
–  - inverse aspect ratio
– κ - elongation
and have the general form
τE = CI
αIp
p B
αB
T0 P
αP nαne,19M
αMRαR0 
ακακ [s] . (2.49)
It is further necessary to define distinct regimes of plasma confinement, where the
observed confinement characteristics are notably different. These include, but are not
limited to, the ‘low confinement’ L-mode and ‘high confinement’ H-mode. L-mode is
considered as the baseline of energy confinement and has been characterised through
an extensive, multi-machine parameter study [57] by the ITER-89 scaling, the fitting
coefficients of which are given in Table (2.1). H-mode confinement was first observed on
ASDEX where, during neutral beam heating experiments, the plasma would undergo
an abrupt transition to a higher confinement regime, where typically the measured con-
finement time doubled. The transition to H-mode is preceded by an increase in the edge
density and the formation of a thin region of steep pressure gradients, often referred
to as a pedestal or transport barrier. H-mode confinement has been extensively studied
and the corresponding confinement is characterised by the ITERH-98P(y,2) scaling, the
fitting coefficients of which are also shown in Table (2.1). The transition from L to
H-mode has been studied on numerous devices and is known to occur when the heating
power exceeds a certain threshold, PLH .
C αIp αB αP αn αM αR α ακ
ITER-89 0.038 0.85 0.20 -0.50 0.10 0.50 1.50 0.30 0.50
ITERH-98P(y,2) 0.056 0.93 0.15 -0.69 0.41 0.19 1.97 0.58 0.78
Petty2008 0.052 0.75 0.30 -0.47 0.32 0.00 2.09 0.84 0.88
Table 2.1: Fitting coefficients for the ITER-89, ITERH-98P(y,2) and Petty beta-independent
energy confinement time scalings
The confinement time scalings can also be expressed in terms of dimensionless physics
variables, such as the plasma beta and normalised ion Larmor radius (ρ∗ = ρi/a). Un-
der this representation the ITERH-98P(y,2) scaling has a negative dependence on the
plasma beta, τE ∝ β−0.9. Dedicated experiments [58, 59] have probed this dependence
and found that, in fact, τE is only very weakly dependent on β. In light of this, em-
pirical scalings where the β dependence is constrained to zero have been performed
52 Chapter 2. Magnetic confinement fusion
and were found to fit the experimental data almost as well as free-fit ITERH-98P(y,2)
scaling. The fitting coefficients from one such scaling, the so called Petty2008 scaling
[60], are included in Table (2.1). In certain circumstances, and particularly in systems
operating at high β, the discrepancies between the free-fit and β-independent scalings
can be significant [61, 62].
Scaling laws, by definition, only serve as a useful predictor of the expected confinement
and, as such, there is no universally applicable scaling law. The Petty2008 scaling is
arguably more appropriate, as it is consistent with both multi-device empirical scaling
experiments and dedicated single device investigations of the β dependence, however the
ITER scaling is more widely applied. In an attempt to allow for discrepancies between
different scaling models and between predicted and observed confinement a confinement
enhancement factor, Hfac, is defined
Hfac =
τE
τ scalingE
. (2.50)
2.3 Fast particles in plasma
One method of sustaining the plasma against particle and energy losses is to fire neutral
beams of high energy particles into the confined plasma, using a technique known as
neutral beam injection (NBI). Being electrically neutral, the injected beam particles are
unaffected by the confining magnetic field and can penetrate some distance into the
plasma before being ionised via collisions with the target plasma and neutral popu-
lations. Once ionised, the injected particles are influenced by the magnetic field and
confined. The electrons, on account of their lower mass, rapidly join the thermal pop-
ulation, while the ions form an energetic distribution and transfer their energy to the
bulk plasma as they thermalise via Coulomb collisions.
Neutral beam injection is a versatile method of plasma heating as it can also pro-
vide significant particle fuelling and current drive as well as contributing to the fusion
power output via beam-on-target reactions. Since the energy of the injected particles
is typically greater than that of the thermal population the relative collision energy be-
tween beam and target ions can be closer to the peak of the DT reaction cross-section
(∼ 125keV), where the fusion reactivity is maximised.
The idea of using neutral beam injection to increase the fusion reactivity was first
introduced by Dawson, Furth and Tenney in 1971 [28] and later developed further by
various authors in [23, 29, 63, 64], with a comprehensive review given by Jassby in [30].
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Jassby defined three categories of beam-plasma systems, classified by the relative
importance of the fast particles:
1) Beam-driven thermonuclear reactor (BDTN)
A Maxwellian bulk plasma is partially sustained against energy
and particle losses by neutral beam injection. Other plasma heat-
ing and refuelling methods are required, such as wave heating
and gas puff or pellet injection. The fast particle density, nf , is
sufficiently low to have a negligible effect on the bulk plasma dis-
tribution. The majority of fusion reactions take place between the
thermonuclear background.
2) Two-Component Torus (TCT)
A near Maxwellian background plasma is entirely maintained against
energy losses by injected fast particles. The beam ions have a small
effect on the total ion distribution function, adding a high energy
tail that extends to the beam injection velocity. Fusion reactions
principally occur between the fast and target ions as the beam
thermalises via Coulomb collisions. The beam is sufficient to sus-
tain the plasma against all energy and particle losses, although
additional sources of heating and particle fuelling may still be ap-
plied. TCT operation may extend from nf  ni upto nf ∼ ni,
however for larger nf/ni the fast particles begin to modify the
target distribution away from Maxwellian.
3) Colliding Beam Torus (CBT)
Departing significantly from Maxwellian the CBT consists of two
fast ion populations travelling in opposite toroidal directions around
the torus. There is effectively no longer a background ion plasma
but the injected electrons rapidly thermalise to form a stationary
target in which the two ion beams interact.
Only the former two regimes, the BDTN and TCT, are considered here as they offer the
most potential for near term application. While the CBT could offer an attractive option
for high power density operation this regime is yet to be established experimentally.
2.3.1 Fast particle distribution function
The velocity space distribution of fast particles, f(v, t), moving through a background
plasma can be determined using the kinetic approach presented in Section 2.2.2. If the
background plasma is Maxwellian, as is the case for the BDTN reactor and, to a good
approximation, the TCT, the bulk ion and electron distribution functions are isotropic
and only depend on the absolute velocity, |v| = v. The distribution of fast neutral
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beam particles will typically be anisotropic as neutral beam particles are injected in
some preferential direction. By applying the ρ/L  1 ordering introduced in Section
2.2.2, which states that at length scales comparable to the Larmor radius the plasma is
locally homogeneous, the beam distribution can be assumed to be axisymmetric about
the magnetic field. It is useful to introduce a spherical coordinate system (v, θ, φ), and
transform to the variable ξ = cos θ = v/v · bˆ, where bˆ points along the magnetic field.
In this coordinate system, θ is the pitch-angle and φ is the azimuthal angle about the
magnetic field. Because of the symmetry about the magnetic field,
ej
mj
(v ×B) · ∂fj
∂v
= −ωcj ∂fj
∂φ
= 0. (2.51)
Considering a spatially homogeneous plasma, neglecting any electric fields and denot-
ing the beam species a and the Maxwellian background species b, the Fokker-Planck
equation reduces to
∂fa
∂t
=
∑
b
Cab(fa, fb) + Sa, (2.52)
where the collision operator is given by [53],
Cab(fa, fb) = ν
ab
D L(fa) +
1
v2
∂
∂v
[
v3
(
ma
ma +mb
νabs fa +
1
2
νab|| v
∂fa
∂v
)]
. (2.53)
The Lorentz collision operator,
L = 1
2
∂
∂ξ
(
1− ξ2) ∂
∂ξ
, (2.54)
describes the change in pitch-angle due to pitch-angle scattering collisions, which occur
with a characteristic frequency, νabD . Such a collision does not alter the particle’s abso-
lute velocity and, as such, describes diffusion on a sphere of constant v. The remaining
terms describe frictional drag, which has a characteristic collision frequency νabs , and
parallel diffusion, described by the collision frequency, νab|| .
The collision frequencies are given by [53],
νabD (v) = νab
φ(xb)−G(xb)
x3a
νabs (v) = νab
2Ta
Tb
(
1 +
mb
ma
)
G(xb)
xa
νab|| (v) = 2νab
G(xb)
x3a
,
where xa = v/vth,a, G(x) is the Chandrasekhar function,
G(x) =
φ(x)− xφ′(x)
2x2
→
 2x3√pi , x→ 01
2x2
, x→∞
(2.55)
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φ(x) is the error function (not to be confused with the azimuthal angle, φ),
φ(x) =
2√
pi
∫ x
0
e−y
2
dy
 2x√pi , x→ 01, x→∞ (2.56)
and νab is a basic collision frequency,
νab =
nbe
2
ae
2
b ln Λab
4pi20m
2
av
3
th,a
. (2.57)
The term ln Λab is the Coulomb logarithm, which describes the relative importance of
small and large angle collisions. For ln Λ 1 the majority of Coulomb collisions result in
only a small deflection of the velocity vector of a particle. It is this condition, ln Λ 1,
that allows the Fokker-Planck collision operator to be used in the kinetic equation.
The Coulomb logarithm is defined as ln Λ = ln (rmax/rmin) where rmax and rmin are,
respectively, the maximum and minimum impact parameters. Owing to Debye shielding
the maximum inter-particle separation over which a collision can occur is taken as the
Debye length, rmax = λD. For a plasma consisting of electrons and multiple ion species
λD =
(∑
s
0Ts
nsqs
)1/2
, (2.58)
where the summation is taken over all species, s. The minimum impact parameter is
that which results in a pi/2 deflection of the velocity vector of the particle. Depending
on the relative collision velocity the particles may reach a separation where quantum
mechanical effects become important. For a classical collision, the minimum impact
parameter is rclmin = eaeb/4pi0µabu¯, where µab = mamb/(ma +mb) is the reduced mass
and u¯ is the relative velocity averaged over the species distributions. Quantum me-
chanical effects become important when rclmin < λqm/2pi, where λqm = h/ (µabu¯) and
is the de Broglie wavelength. The quantum mechanical Coulomb logarithm is given
by ln Λqm = ln (4piλD/λqm) − 0.5. For convenience the subscript appearing in ln Λab
referring to the fast ion species is dropped, such that, for example, ln Λef = ln Λe.
Typically, fast ions injected with an initial velocity v0 and corresponding injection
energy W0 exist with velocities
vth,i  v  vth,e. (2.59)
In this limit, u¯ ≈ vth,e for beam-electron collisions and, typically, rclmin < λqm/2pi, such
that ln Λqm must be taken. For beam-ion collisions u¯ ≈ √(2/3)v0, where the aver-
age beam energy is taken as (2/3)W0 and the thermal ion contribution is neglected as
vth,i  v. This choice of average beam energy follows from assuming the beam ions
have a temperature T = (2/3)W0 and is somewhat arbitrary but makes little difference
to the final value of ln Λ. The threshold energy above which quantum effects must be
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accounted for is W0 & 37.5Af keV, where Af is the beam mass number.
In the velocity range vth,i  v  vth,e the fast particle Fokker-Planck equation
reduces to [30, 65]
∂f
∂t
= S(v, ξ, t) (Source)
− f
τl
(Loss term)
+
1
τsv2
∂
∂v
[
(v3 + v3c )f
]
(Electron and ion friction)
+
1
2τsv2
∂
∂v
mev2th,ev2
mf
+
v3c
v
∑
j
mj
mf
v2th,j
 ∂f
∂v
(Energy diffusion)
+
1
2τs
Zeff
[Z]
v3c
v3
∂
∂ξ
[(
1− ξ2) ∂f
∂ξ
]
, (Pitch-angle scattering)
(2.60)
where, for ease of notation, the subscript a has been dropped and f represents the
distribution of fast particles in velocity, pitch-angle and time, f(v, ξ, t). The terms
Zeff =
1
ne
∑
j
njZ
2
j
[Z] =
1
ne
∑
j
njZ
2
j
mf
mj
,
where the summation is taken over all background ion species. The critical velocity, vc,
is the fast ion velocity at which frictional drag due to ions and electrons is equal,
vc =
 3√pime
4ne ln Λe
∑
j
Z2j nj ln Λj
mj
1/3 vth,e. (2.61)
For velocities v > vc the fast ion dynamics are dominated by collisions with the bulk
electrons and there is little pitch-angle scattering. For v < vc collisions with bulk ions
become important and pitch-angle scattering collisions act to rapidly isotropise the fast
particle distribution.
The Spitzer slowing down time is given by
τs =
3 (2pi)3/2 20mfT
3/2
e
Z2fe
4 ln Λenem
1/2
e
. (2.62)
The term, f/τl, describes the rate at which fast particles are lost from the plasma.
Typically τl is a function of both velocity and pitch-angle but is often approximated
as a constant. In plasmas with a significant neutral or impurity content the dominant
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fast particle loss mechanism is charge-exchange and the loss time may be approximated
by the characteristic charge-exchange collision time, τl ≈ τcx. In a charge-exchange
collision a fast particle will gain electrons via an interaction with a partially ionised or
neutral particle.
The fast particle kinetic equation Equation (2.60) can be solved analytically in a
number of instances by considering only select terms, as discussed in, for example, [65].
For a point source in both velocity and pitch-angle the fast particle source is,
S(v, t) =
S0
2piv2
δ(v − v0)δ(ξ − ξ0), (2.63)
where v0 and ξ0 are, respectively, the injection velocity and initial pitch-angle variable.
Considering frictional drag, fast particle loses and pitch-angle scattering, but neglecting
energy diffusion, the steady-state distribution of fast particles is given by [65],
f(v, ξ) =
S0τs
2pi (v3 + v3c )
∞∑
l=0
(2l + 1)
2
Pl (ξ0)Pl (ξ)
[(
v3
v30
)(
v30 + v
3
c
v3 + v3c
)]l(l+1)Zˆ/6
, (2.64)
where Zˆ = Zeff/ [Z], and Pl is the Legendre Polynomial of order l. In instances where
the pitch-angle distribution is unimportant, for example when calculating the fusion
reactivity between the fast beam ions and an isotropic target distribution, the angle
averaged fast particle distribution,
f(v) =
S0τs
4pi
1
(v3 + v3c )
(
v3 + v3c
v30 + v
3
c
)τs/3τl
, (2.65)
may be taken.
The fast ion density is found by taking the zeroth velocity moment of the fast ion
distribution. If fast particle losses are ignored (τl → ∞), integrating Equation (2.64)
over velocity and pitch-angle (or Equation (2.65) over velocity) gives the density of fast
particles with velocities vfinal ≤ v ≤ v0 as,
nf = S0τth, (2.66)
where the thermalisation time,
τth =
τs
3
ln
(
v30 + v
3
c
v3final + v
3
c
)
, (2.67)
is the average time taken for a fast particle to reach vfinal. The final beam velocity is
taken as vfinal =
√
2vth,i, which corresponds to Wfinal = 2Wth,i. For energies below
this, the assumption that v  vth,i breaks down and the fast particle distribution func-
tion is no longer valid. Once fast particles reach this final velocity they are deemed to
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have joined the thermal population.
The injected beam power per unit volume is given by
Pf = S0W0 =
nfW0
τth
, (2.68)
where, here, S0 represents the source rate per unit volume. This power is transferred
to the target ions and electrons as the fast particles thermalise via Coulomb collisions.
The pressure due to the fast ion population is defined as the second velocity moment
of the distribution
P = mf
∫
vvf(v)dv. (2.69)
The isotropic pressure is defined as the average of the diagonal elements of the pressure
tensor and may be expressed as,
p =
mf
3
4pi
v0∫
vfinal
v4f(v)dv =
2
3
nfW, (2.70)
where the angle averaged distribution function is taken and W is the average fast particle
energy, defined as
W =
v0∫
vfinal
1
2mfv
2v2f(v)dv
v0∫
vfinal
v2f(v)dv
. (2.71)
For an isotropic distribution the off-diagonal elements of the pressure tensor are zero.
2.3.2 Beam energy multiplication
The energy gain of energetic deuterons injected into a cold tritium target plasma was
first calculated by Dawson, Furth and Tenny in [28] and in a plasma of finite ion temper-
ature by Jassby and Towner in [64]. On average, a fast beam ion thermalising in a target
Maxwellian plasma will produce Qb times its injection energy in fusion reactions. For
a single ion species target plasma of density ni, the fast particle energy multiplication
factor is
Qb =
Ef
S0W0
ninf
∫
vf
∫
vi
σ(v′)v′fi(vi)ff (vf )dvidvf =
Ef
S0W0
ninf 〈σv〉 = Ef
W0
niτth〈σv〉,
(2.72)
where the density normalised distributions are used along with the definition of the
reaction rate Equation (1.2). The numerator is equivalent to the fusion power produced
per unit volume and the denominator is the absorbed beam power per unit volume. As
the target plasma is Maxwellian, fi(v) is isotropic, and the angle averaged fast parti-
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cle distribution, Equation (2.65), may be used. Assuming fast ion losses are negligible
(τl →∞), the fusion energy gain as a function of the injection energy for different target
plasma temperatures is shown in Figure (2.8) for both deuterium beam ions injected
into a pure tritium target plasma (D→T) and the converse case of T→D. The target
plasma density considered is, ne = ni = 10
20m−3, and the plasma is assumed to be in
thermal equilibrium, Te = Ti = T . It is noted that to avoid discontinuities in Figure
(2.8) the quantum mechanical beam-ion Coulomb logarithm is taken for all injection
energies. At low energies the discrepancy between ln Λcl and ln Λqm is small so the
choice of Coulomb logarithm makes little difference.
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Figure 2.8: Energy
multiplication factor for
fast ions injected into a
target plasma of density,
ni = 10
20m−3. The
solid curves represent
deuterium injection into
a pure tritium plasma
and the dashed curves
represent the opposite
case. In all cases the
target plasma is in ther-
mal equilibrium with
Te = Ti = T .
At a given injection energy, W0, the injection velocity, v0, of deuterons exceeds that
of tritons by a factor (mT /mD)
1/2. Since the optimal injection velocities are approxi-
mately the same for both species, the energy multiplication factor for tritons injected
into a deuterium plasma peaks at values of W0 around 50% higher than the optimal
energy for the converse case of D→T injection. For injection energies above the opti-
mum value Qb begins to decrease, as although the average fusion energy produced per
particle increases with increasing W0 this is out-weighed by the increase in the beam
injection energy.
For low electron temperatures vc  v0 and the fast particle slowing is dominated by
electron collisions. For injected tritons the approximately 50% higher optimal injection
energy is balanced by an approximate 50% increase in the thermalisation time. Hence,
the maximum Qb for T→D injection is roughly equal to that for D→T injection, but
occurs at a higher injection energy. For higher temperatures ion frictional drag becomes
important, as v0 ∼ vc or v0 < vc, and is 50% larger for T→D than it is for D→T, leading
to a reduction in the triton thermalisation time. As a result, at higher temperatures the
peak energy multiplication factor for triton injection is below that of deuteron injection.
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The target plasma density has little effect on Qb. Although the fusion power pro-
duced is directly proportional to ni, the beam density, as given by Equation (2.66), is
proportional to nf ∝ τth ∝ n−1e . The target plasma density also appears elsewhere in
the expression for nf , however, in all cases this is as part of the argument of the natural
logarithm, so the effect is small, with Qb changing roughly 5% per decade of target
plasma density.
When calculating the velocity averaged reaction cross-section, 〈σv〉, for reactions
between fast beam and thermal ions the initial 6 dimensional integral, taken over the 3
velocity coordinates of each species, v1 and v2,
〈σv〉 =
∫
v1
∫
v2
f1(v1)f2(v2)σ(v
′)v′dv1dv2, (2.73)
can be reduced to a 3 dimensional integral [66], taken over the absolute velocity of each
species, v1 = |v1| and v2 = |v2|, and the angle between the velocity vectors, θ12,
〈σv〉 = 8pi2
∫
v2
∫
v1
pi∫
0
v21v
2
2v
′f1f2σ(v′) sin θ12dθ12dv1dv2, (2.74)
where the magnitude of the relative velocity is defined as,
v′ =
(
v21 + v
2
2 − 2v1v2 cos θ
)1/2
. (2.75)
2.3.3 Neutral beam injectors
A basic schematic of a neutral beam injector along with the injection geometry is shown
in Figure (2.9). The beam injector is composed of an ion source, an accelerator, a neu-
traliser and a beam dump. The ion source produces either positively or negatively
charged ions which are then accelerated through an electric potential before being neu-
tralised and injected into the plasma through ports in the confinement vessel. Any
particles not neutralised are deflected towards a beam dump by a magnetic field.
The efficiency at which particles are neutralised depends on both the ion charge
(positive or negative) and energy. The neutraliser consists of a neutral gas target which
neutralises the accelerated ions via charge-exchange collisions. However, the neutralised
fast ions can become re-ionised via ionisation collisions with the target gas. In a suffi-
ciently thick gas target an equilibrium is reached between these two conflicting processes
and the ratio of neutral to charged fast particles in given by the ratio of charge-exchange
and ionisation cross-sections, σcx/σi. Unfortunately, for positive ions this ratio decreases
rapidly with increasing beam energy and, as a result, so does the injection efficiency.
The same is not true of negative ion sources, which allow for efficient injection at much
greater beam energies. Negative ion source neutral beam injectors, however, are still a
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Figure 2.9: A basic schematic of a positive ion source neutral beam injector system and injection
geometry.
relatively new technology and are technologically more complicated than positive ion
sources. They are only advantageous when high beam injection energies are required,
for example on ITER where injection energies of 1MeV are needed to allow the fast
particles to penetrate to the centre of the plasma [67].
2.3.4 Neutral beam current drive
As well as providing heating, particle fuelling and contributing to the fusion power
output neutral beam injection can also drive significant plasma current. In the initial
stages of injection the current increases as the density of circulating fast ions stacks up.
A steady-state equilibrium is reached when the rate of current build up is balanced by
the loss rate due to pitch-angle scattering and frictional drag collisions with the bulk
plasma species.
The parallel current driven by fast ions is given by
Jf = eZf
∫
v
dvv · bˆf(v), (2.76)
where Zf is the fast particle atomic number. Expressing the fast particle distribution,
f(v), in terms of the absolute velocity, v, and pitch-angle variable, ξ, this current
becomes,
Jf = eZf2pi
v0∫
0
dv
1∫
−1
dξv3ξf(v, ξ), (2.77)
where v · bˆ = v|| = ξv. After performing the integrals this expression reduces to
Jf = eZfS0τsξ0v0I(yc, Zˆ), (2.78)
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where,
I(yc, Zˆ) =
(
1 + y3c
) Zˆ
3
1∫
0
dy
[
y3
y3 + y3c
] Zˆ
3
+1
, (2.79)
with y = v/v0 and yc = vc/v0.
This expression for the beam driven current does not account for the possible mag-
netic trapping of fast beam ions, however, for tangential injection, this effect is likely to
be small as v||0  v⊥0. Once the beam distribution is scattered due to collisions with
the bulk ions, fast ion trapping could become significant, however, the highly scattered
part of the distribution will make little contribution to the beam driven current so,
again, neglecting trapping is acceptable.
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The slowing down of fast ions due to frictional drag on the bulk electrons produces
an electron flow parallel to the fast ion current and, hence, an electron current in the
opposite direction. This reverse electron current acts to reduce the net fast particle
driven current. Only passing electrons can contribute to this cancellation current as
trapped electrons have zero average parallel velocity. Taking account of this electron
current, the net neutral beam driven current density is reduced to JNB = F (Zeff , )Jf ,
where the factor F (Zeff , ) is calculated numerically at arbitrary aspect ratio in [68]
and plotted in Figure (2.10). The total neutral beam driven current, INB, is found by
integrating over the poloidal cross-section. The corresponding efficiency of current drive
is quantified by ηNB = INB/
∫
PbdV , quoted in units of A W
−1.
3 Maximising fusion power density
Aside from power producing reactors, which demand high energy multiplication, the
primary performance measure for the majority of other potential fusion applications is
fusion power density. In a purely thermonuclear system, operating with nT = nD = n,
the DT fusion power density scales as,
Pf = n
2〈σv〉Ef ∝ p2, (3.1)
where the relation 〈σv〉 ≈ 1.1× 10−24 [T (keV)]2 m3 s−1 [49, p. 11], which is accurate to
within 10% in the temperature range T = 10− 20keV, is used to give n2〈σv〉 ∝ p2. In a
thermonuclear system, then, the fusion power density is directly related to the plasma
pressure, with the maximum fusion power density dictated by the pressure at which the
device can stably operate.
At fixed pressure Pf can be raised above the thermonuclear level using neutral beam
injection. As the beam energy is typically much higher than that of the bulk plasma,
collisions between fast beam particles and thermal particles can have relative collision
energies close to the peak of the DT reaction cross-section (∼ 125keV) where the fusion
reactivity is maximised. In these neutral beam-driven systems a large fraction of the
fusion power output can be due to reactions between the beam and bulk ion species.
The primary role of the bulk plasma, therefore, is to act as a suitable target for the
beam to react with as it thermalises. This effectively removes any requirements placed
on the bulk plasma associated with conventional high gain operation and, as a result,
high fusion power densities can be achieved under plasma conditions more readily ac-
cessible than those required for power multiplication [28, 29].
The purpose of this Chapter is to explore the plasma conditions needed to maximise
the fusion power density in neutral beam-driven plasmas. The general requirements of
high power density operation are discussed and the primary performance limiting factors
introduced. Restrictions on the externally applied power, not previously considered, are
found to be a crucial factor in determining the optimum plasma conditions. Two dis-
tinct operational regimes are identified, separated by a discontinuity in the optimum
conditions and characterised by the relative contribution to the fusion power output
from beam-on-target and thermonuclear reactions. In each regime the optimum plasma
conditions are determined and various factors that may inhibit optimal operation dis-
cussed. The principles introduced are not limited to tokamaks and are applicable to all
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steady-state magnetic confinement fusion schemes, although the discussion is focused
around the tokamak. The results presented form the first part of a high fusion power
density device optimisation study. In the following chapter these results are placed in
the context of device design and used to inform a high power density device optimisation.
3.1 High fusion power density operation
A high fusion power density device must operate at some specified volume-averaged
fusion power density, Pf (MW m
−3); absolute fusion power, PfV (MW), where V is the
plasma volume; or first wall neutron power flux, Γn(MW m
−2), while remaining sta-
ble against plasma disruptions and operating within limits imposed by engineering and
materials considerations. For a fixed device geometry, all three potential fusion output
requirements: Pf , PfV and Γn; can simply be expressed in terms of a minimum required
volume averaged fusion power density, Pf . The required fusion power density will de-
pend on both the intended application and the geometry of the device, but, typically,
high power density refers to devices operating with Pf & 1MW m−3.
The stability of the plasma against disruptions is determined, in part, by the beta
stability limit, discussed in Section 2.1.2. To make economical use of the confining mag-
netic field it is typical to operate at a fixed fraction of this limit and for a given device
geometry and magnetic system, this means operating at a fixed plasma pressure. Other
stability considerations must also be considered, such as the kink stability limit, which
is related to the safety factor. These considerations impose restrictions on the machine
parameters, such as the plasma current, and are examined in the following chapter.
A second set of potential performance limiting factors relate to the thermal power
escaping the plasma and are particularly relevant to high power density devices. In
equilibrium the thermal power escaping the plasma is defined as,
PthermalV = (Pα + Pext − Prad)V, (3.2)
where Pthermal, Pext, Pα and Prad are, respectively: the thermal power density, the
externally applied heating or current drive power density, the absorbed alpha particle
self-heating power density and the radiated power density. As the fusion power den-
sity is the product of the energy multiplication factor, Qf , and the externally applied
heating power density, Pext, unless high gain operation is possible, high fusion power
densities inherently requires large Pext and, therefore, large Pthermal.
In a diverted plasma, the power escaping the plasmas slowly diffuses through the
scrap-off-layer while being rapidly transported along the open magnetic field lines to-
wards the divertor region. Typically, a high fraction of the thermal power reaches the
divertor, where it is spread out over the divertor strike plates. The maximum tolerable
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power flux depends heavily on the device geometry and divertor configuration, however,
a useful indicator of the power flowing to the divertor region is,
∆div =
PthermalV
R0
. (3.3)
The allowable ∆div depends not only on the device geometry and divertor configura-
tion, but also on the materials used in the divertor. Typically, ∆div is in the range
10− 70MW m−1 with the reference ITER value being around 25MW m−1 [4], with cor-
responding Pthermal ≈ 0.15MW m−3.
It has also been suggested by Mirnov [69] that, based on historical experimental data,
there appears to be a phenomenological limit on the power per unit surface area escaping
the plasma of around,
PthermalV
S
. 0.2MW m−2 ± 0.1MW m−2, (3.4)
where S is the plasma surface area. The validity of this limit is unknown and untested.
The majority of current and historic devices do indeed satisfy this condition, however,
there have been few attempts to operate in excess of this limit, and as such, relatively
little is known about the high power flux regime.
The reminder of this Chapter is structured as follows: in the following section a
theoretical model of a beam-driven plasma is introduced along with the computational
procedure used to apply it. The conditions for maximising fusion power density are then
determined, firstly at a fixed pressure and then under the additional constraint of fixed
thermal power density. Once the optimum plasma conditions are known the sensitivity
of the system about the optimum point is investigated. Finally, some factors that may
inhibit optimal operation are investigated: the bulk tritium concentration, fast alpha
particle confinement and the bulk plasma impurity content.
3.2 Beam driven plasmas: A model
In this section a spatially zero-dimensional model of a neutral beam-driven plasma is
presented, along with the computational procedure used to apply the model and consis-
tently determine the plasma parameters. The model is based on that presented in [23]
with any extensions highlighted.
A deuterium-tritium bulk plasma is assumed to be sustained against all energy losses
by neutral beam injection and any internal self-heating resulting from the thermalisation
of fusion born alpha particles in the plasma,
∑
b
Pb + Pα =
3(neTe + nDTD + nTTT +
∑
z nzTz)
2τE
+ Prad, (3.5)
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where Pb is the absorbed beam power per unit volume; the radiated power per unit
volume, Prad, is taken as that due to electron bremsstrahlung radiation, given in Equa-
tion (2.26); and nz is the density of any impurity species, which are assumed to be
thermally distributed. The summation over b is taken over all unique combinations of
injected beam particle species and injection energies. In [23] it is assumed that Prad is
account for in τE and the contribution to the thermal pressure from impurity species is
neglected. Here, the definition of τE is chosen to be consistent with that introduced in
Section 2.2 and, therefore, does not include the radiated power. The absorbed neutral
beam power per unit volume is given by the product of the ionisation rate per unit
volume, Ib, and the injection energy, W0, as
Pb = IbW0. (3.6)
It is assumed that all beam particles are sufficiently confined such that they may com-
pletely thermalise and transfer all of their injection energy to the target plasma. In
reality, some fast particles will likely be lost from the plasma before completely ther-
malising. However, if NBI is to be used as an efficient source of plasma heating and if
the full beam-on-target fusion power gain is to be realised, the fraction of fast particles
lost must be minimal. The diffusion of fast ions is typically much slower than that
of thermal particles [70–72] and has been observed to approach the neoclassical limit
[73, 74].
While multiple neutral beams of different energies and/or particle species could
be considered using this model, only a deuterium beam injected with initial energy
W0 = 120keV is investigated. As discussed in Section 2.3.2, the power gain of fast
deuterons injected into a pure tritium plasma exceeds that of the converse case except
at high injection energies. Historically, tritium injection has been used on JET, first in
1991 [75] and more extensively in 1997 [76]; and on TFTR in experimental campaigns
beginning April 1993 and spanning four years [77]. However, as well as having a lower
reactivity there are also practical issues associated with tritium injection, such as tri-
tium deposition and accumulation in the beam apparatus.
Further to this, although the energy multiplication factor of deuterium beam ions
injected into a tritium plasma, shown in Figure (2.8), peaks at somewhat higher values
of W0, between W0 ∼ 150 − 220keV depending on the bulk plasma temperature, for
positive beam ion sources the efficiency of neutralisation, and thus injection, begins
to decrease rapidly above W0 = 120keV. Therefore, the maximum energy generally
viewed as acceptable for positive ions sources is around 120keV. Although the energy
multiplication of the plasma alone could be increased by using the optimum beam in-
jection energy the overall plant efficiency would be reduced. Negative ion sources offer
increased neutralisation efficiencies at higher energies, however, the technology is still
under development, is technologically more complicated and costs significantly more
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and, as a result, is not considered here.
Assuming that all fast beam particles are confined until they have thermalised, the
density of fast beam ions is,
nb = Ibτth, (3.7)
where τth is the fast particle thermalisation time, given by Equation (2.67). The injected
electrons do not form a fast electron population as, on account of their lower mass, are
assumed to thermalise instantly.
The quasi-neutrality condition requires that
ne = nD + nT + nb + 2nα +
∑
z
nzZz, (3.8)
where the summation over z accounts for all impurity species of density, nz, and charge
Zz; and the alpha particle density is nα. It is assumed that the target ion densities are
maintained by external sources, which for deuterium will include, but are not limited
to, the neutral beam. Other than the deuterium beam, these source are assumed to
inject cold particles, acting as a source of particles only and having no contribution to
the power balance, Equation (3.5).
The total plasma pressure is separated into four components: the thermal ion and
electron pressure, beam pressure, alpha particle pressure and pressure due to impurity
species,
p = (neTe + nDTD + nTTT ) + pbeam + pα + pz. (3.9)
A note on units: in the following the plasma pressure is expressed in terms of the equiv-
alent βB2 = 2µ0p, where the decimal form of β is used. For ease of notation, values
βB2 are often quoted without units.
The purpose of fixing the plasma pressure is to ensure the plasma remains stable
against pressure driven disruptions. In defining the fast particle pressure, only the
isotropic pressure, Equation (2.70),
pbeam =
2
3
nbW, (3.10)
is considered.
The average beam energy as a function of the bulk plasma temperature for a range of
injection energies is shown in Figure (3.1). For beam injection energies of 120keV the
average beam energy is approximately proportional to temperature for T ≥ 6keV.
The ratio of beam to bulk thermal energy densities, equivalent to the ratio of pres-
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sures, is defined as:
Γ =
nbW
3
2
(neTe + nDTT + nTTT )
, (3.11)
and is useful measure of the fast particle content in the plasma.
The fusion power output is calculated for all possible bulk thermonuclear and beam-
on-bulk reactions. The total energy multiplication factor, Qf , and beam-on-bulk energy
multiplication factor, Qb, are defined as:
Qf =
Pf (total)
Pb
, Qb =
Pf (beam-on-bulk)
Pb
, (3.12)
where Pf (total) and Pf (beam-on-bulk) are, respectively: the total fusion power den-
sity, which includes thermonuclear and beam-on-bulk reactions; and the beam-on-bulk
fusion power density.
While the results presented here assume that the beam is the only external heating
source the model can be easily extended to include additional sources of external heating
power, Padd, with only the expressions for Pthermal, τE and Qf needing to be modified.
Using the superscript add to refer to quantities where additional, non-beam, heating is
applied and the superscript 0 for when Pext = Pb, the following relations can be used
to account for the additional heating power:
P addthermal = P
0
thermal + Padd; τ
add
E =
(
P 0thermal
P addthermal
)
τ0E ; Q
add
f =
(
Pb
Pb + Padd
)
Q0f .
(3.13)
These expressions allow the model and results to be applied to systems where additional
heating or current drive is required, as is sometimes the case.
3.2.1 Alpha particles
The dominant effects of the alpha particles produced as a result of the DT fusion re-
action is their contribution to the total plasma pressure, power balance condition and
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thermal power density. The effect on quasi-neutrality is small, as typically 2nα  ne,
and is neglected in [23], but, for completeness, is accounted for here.
The alpha particle density can be separated into two components: a thermal density
and a fast density,
nα = n
fast
α + n
thermal
α . (3.14)
The fast alpha particles are treated in the same manner as the fast beam particles and
assumed to form an isotropic slowing-down distribution with density,
nfastα = CfSατth,α, (3.15)
where Sα is a mono-energetic source at W0 = Eα = 3.5MeV and is given by the DT
fusion reaction rate. The factor Cf , termed here as the fast alpha confinement factor,
is introduced to allow the effects of alpha particle confinement to be investigated. The
confinement of fast alpha particles is determined primarily by the plasma current, but
without detailed calculations, which include the device geometry and radial fusion power
profiles, it is not possible to accurately determine the extent to which fast alpha particles
are confined. For simplicity, only the limiting cases of alpha particle confinement are
considered:
• Cf = 0 - The fast alpha confinement time is zero. The fast alpha particles do not
contribute to the plasma self-heating. There is no fast or thermal alpha particle
contribution to the plasma charge or pressure.
• Cf = 1 - The fast alpha confinement time is equal to τth,α and the alpha parti-
cle contribution to the plasma self-heating is 1/5 of the DT fusion power. The
thermalised alpha particles can contribute to the plasma impurity content.
As the alpha particle source is isotropic, so is the alpha particle pressure,
pα =
2
3
nfastα Wα =
2
3
CfSατth,αWα. (3.16)
The thermal alpha particles are considered as an impurity species and their effects
included as such.
3.2.2 Applying the model computationally
When applying the model computationally, firstly the bulk and beam plasma conditions
necessary to operate at a prescribed plasma pressure are determined over a range of
temperatures, electron densities and bulk tritium concentrations. Once the isobaric
parameter space is defined contours of fixed thermal power density are found.
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Determining the isobaric parameter space
In a beam-driven system the beam species can make a significant contribution to the
total plasma pressure and, as the beam pressure is a function of the bulk plasma pa-
rameters, the beam and bulk pressures must be consistently determined. To determine
the isobaric parameter space a code was developed using the computational language
C++. Owing to the iterative nature of the calculations, namely the need for nested
loops, the code was designed to run in parallel.
In determining the isobaric parameter space the following input parameters are pre-
scribed: the fixed plasma pressure, p; the beam ion mass, mb, and injection energy, W0;
the fast alpha confinement factor, Cf ; and the impurity content, which is defined in
terms of the mean thermal ion charge,
Z¯ =
∑
i niZi∑
i ni
, (3.17)
where i includes all thermal ion species. This definition differs slightly from the familiar
effective ion charge, Zeff =
∑
j njZ
2
j /ne, where j accounts for all ion species, as it
does not include the beam or fast alpha particle densities. For simplicity, only a single,
fully ionised impurity species, of charge ZI , is considered. Multiple impurities species
and charge states could be accounted for using this formulation, providing the relative
impurity densities are also prescribed.
Three iterative loops are taken over the bulk plasma temperature, the bulk ion com-
position and the electron density and the remaining parameters consistently determined.
The temperature range is taken as T = 1→ 25keV and it is assumed all species are in
thermal equilibrium, Te = TD = TT = Tz. While tokamaks can operate at temperatures
outside of this range, for example TFTR achieved a record temperature of 44keV, the
temperature range chosen is representative of that typically achieved, and, over the
parameter space considered, the optimum temperature lies within the specified range.
The bulk ion composition is varied between that corresponding to a pure deuterium
and a pure tritium bulk plasma, nT /ni = 0 → 1, where ni = nD + nT . The electron
density ranges from values corresponding to nb = 0 and nb = ni. In the absence of
alpha particles and impurities this equates to ne = ni, where ne = p/(Ti + Te); and
ne = 2ni, where ne = p/(Te + Ti/2 +W/3). If alpha particles or impurities are present,
a small iterative loop must be used to determine the electron density range. Although
there is nothing prohibiting operating with nb > ni, the concept of a beam thermalising
in a Maxwellian target plasma becomes increasingly less valid as nb/ni increases above
unity, and, again, the optimum point lies in the range 1 < nb/ni < 0.
The remaining densities: nb, ni, n
fast
α and nz; are consistently determined by taking
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a secondary iteration over the bulk ion density, ni, comparing the resulting calculated
pressure to the prescribed pressure and adjusting ni accordingly. The procedure is as
follows:
1. Loop over the bulk ion density in the range ni = ne/2→ ne, with an initial coarse
step size of ∆ni = ne/20
2. For each ion density calculate the thermal impurity density, nz, using Equation
(3.17). It is here that the particular definition of the impurity content makes the
computation simpler as it does not require the beam density to be known
3. Now that all thermal densities are known the critical velocity, vc, (which is the
same for beam ions and alpha particles) may be calculated along with the beam
and alpha particle thermalisation times
4. The alpha particle source due to thermonuclear bulk reactions is CfnDnT 〈σv〉thermo,
and the source due to beam-on-bulk reactions is CfnbnT 〈σv〉beam. The beam den-
sity is, therefore, given by the quasi-neutrality condition, Equation (3.8), as
nb =
ne − nD − nT − 2CfSbulkα τth,α − ZInz
1 + 2CfnT 〈σv〉beamτth,α . (3.18)
5. The total plasma pressure can now be computed using Equation (3.9) and Equa-
tion (3.10). This calculated pressure, p′, is compared against the prescribed pres-
sure, p, with three possible outcomes:
a) p′ < p - the bulk ion density is increased by the current step size, ∆ni. If
ni > ne no consistent solution exists for the set of parameters used
b) p′ > p - a consistent solution lies between the current ni and ni −∆ni. ∆ni
is reduced by a factor of 10 and ni is reset to the last value where p
′ < p.
The procedure is repeated from step one onwards
c) p′ = p - a consistent solution has been found
Finally, all other dependent parameters were calculated, including: the thermonuclear
and beam-on-bulk fusion power densities; the energy confinement time; the radiated,
alpha, beam and thermal power densities and the energy multiplication factors. With
the isobaric parameter space characterised the conditions for maximising fusion power
density at fixed plasma pressure can be explored.
Thermal power density contours
When the thermal power density, along with the plasma pressure is fixed it is neces-
sary to find contours through the isobaric parameter space that also maintain constant
Pthermal. In light of the power limits discussed in Section 3.1 the thermal power density
was varied between Pthermal = 0.1 → 5MW m−3. As the thermal power density calcu-
lated above at each sampling point is unlikely to be exactly that specified, regardless of
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the temperature, density and bulk ion composition sampling, it is necessary to interpo-
late between the discrete data points. This interpolation was performed using MatLab.
Various interpolation algorithms were tested and a 3rd party algorithm, available at
[78], was found to be the most accurate, robust and fast.
3.3 Fixed plasma pressure
In this section the conditions for maximising fusion power density at fixed plasma pres-
sure are determined. In a series of papers published between 1974-1977 [23, 29, 30] the
principles of maximising fusion power density under this constraint were outlined and
it was demonstrated that they are markedly different from those of enhancing energy
multiplication.
The results discussed in this section are produced using the model introduced in Sec-
tion 3.2 and are firstly used to highlight two key principles of maximising fusion power
density at fixed pressure: the dependence on the bulk plasma temperature and the no-
table difference in the plasma confinement required to maximise fusion power density
and energy multiplication.
The fixed pressure case is then used to highlight the crucial fact that while fusion
power densities greatly exceeding those of the equivalent thermonuclear system are
achievable, the requirement on the external power density is severe. Although noted
in [23], the significance of high thermal power density has since become more apparent
and it has proven to be a key performance limiting factor.
3.3.1 Optimum target plasma temperature
To demonstrate the bulk temperature dependence of the fusion power density the case
of a pure tritium target plasma (ni = nT ) in thermal equilibrium (Te = TT = T ),
where there is no alpha particle confinement, Cf = 0, is considered. As well as being a
relatively straightforward case to investigate, this also represents the optimum scenario
for maximising fusion power density at fixed plasma pressure as it allows the maximum
beam-on-bulk reactivity to be realised.
When applying the model computationally, at fixed T , W0 and p, the electron density
was varied between values corresponding to nb = ni and nb = 0, where ne = ni. For
the case considered here, this is equivalent to nT /ne varying between 0.5 and 1. By
expressing the fusion power density as a function of nT /ne the temperature dependence
of Pf and the corresponding optimum plasma conditions can be determined.
While the more complete method, described in Section 3.2, was used to determine the
optimum plasma conditions throughout this section, it is useful when interpreting the
3.3 Fixed plasma pressure 73
results to determine an approximate expression for the fusion power density. For a pure
tritium target plasma the thermonuclear fusion power density is small compared to the
beam-on-target fusion power density. The total fusion power density is, therefore, ap-
proximately equal to the beam-on-bulk fusion power density. Using the quasi-neutrality
condition, Equation (3.8), constant pressure requirement, Equation (3.9), the beam den-
sity expression, Equation (3.7), and noting that (Qb/τth) ' (Qb0/τth,0)(nT /ne), where
Qb,0 and τth,0 are calculated at nT = ne, the fusion power density may be closely ap-
proximated as a function of T , W0, p and nT /ne only:
Pf ' Qb,0W0
τth,0ne
nT
ne
(
1− nT
ne
) p(
1 +
nT
ne
)
T +
2
3
(
1− nT
ne
)
W

2
, (3.19)
and can, therefore, be maximised with respect to nT /ne.
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Maximum values of Pf as a function of plasma temperature and the corresponding
thermal power density, Pthermal, are shown in Figure (3.2). For reference, the fusion
power density of a pure thermonuclear system, with nT = nD, operating at the same
plasma pressure and temperature is also shown. The maximum Pf in the beam-driven,
pure tritium target plasma system is inversely related to the plasma temperature and
for T < 5keV exceeds the equivalent thermonuclear power density by over an order
of magnitude. Since there is no alpha particle confinement and radiation is negligible:
Pthermal ≈ Pb. The thermal power density, therefore, scales as Pthermal ≈ Pf/Qf , and
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is also inversely related to temperature, displaying a stronger negative dependence due
to the temperature dependence of Qf , shown in Figure (3.3).
The inverse temperature dependence of the fusion power density can be understood
by again noting that Pf is almost entirely due to beam-on-bulk reactions,
Pf ≈ QbPb = nTnb〈σv〉EDT , (3.20)
where, using the quasi-neutrality and fixed pressure conditions the bulk and beam den-
sities may be expressed as:
nT =
p(
ne
nT
+ 1
)
T (Γ + 1)
, nb =
3
2
p
W
Γ
(Γ + 1)
, (3.21)
with,
Γ =
(1− nT /ne)W
(3/2) (1 + nT /ne)T
. (3.22)
The optimum nT /ne, that which maximises Pf , is found by differentiating Equation
(3.19) with respect to nT /ne to give,
nT
ne
∣∣∣∣
max
' 3T + 2W
9T + 2W
. (3.23)
Values of nT /ne|max over a range of temperatures are shown in Figure (3.3). When
differentiating Pf the dependence of W on nT /ne is ignored.
At maximum fusion power density, Γ ' W/(3T + W ), and is also shown in Figure
(3.3). Making the relevant substitutions in Equation (3.20) gives the maximum fusion
power density as,
Pf '
(
p2
8T
(
3T + 2W
)) 〈σv〉EDT . (3.24)
The temperature dependence of the average fast particle energy, W , is shown in Figure
(3.1), where it can be seen that W is approximately proportional to T , for T > 6keV.
Noting that, in a similar temperature range, the reaction cross-section, 〈σv〉, is only
weakly dependent on temperature, the fusion power density can be seen to scale ap-
proximately as Pf ∼ p2/T 2, and, at a fixed pressure, is, therefore, inversely related to
the plasma temperature.
3.3.2 Optimal confinement
A second interesting feature when maximising fusion power density at fixed pressure is
the dependence of the fusion power density and energy gain on confinement, quantified as
neτE . At a fixed temperature, T = 8keV, Figure (3.4) shows the maximum total energy
multiplication factor, Qf , as a function of confinement, neτE , the corresponding fusion
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power density, Pf , and the bulk tritium concentration, nT /ni. To find the maximum
energy multiplication, the contribution from bulk reactions must be accounted for and
the bulk ion composition must be allowed to vary,
Qf =
QbPb +
∑
i
∑
j ninj〈σv〉ijEij
Pb
. (3.25)
The reaction cross-section, 〈σv〉ij , represents the thermonuclear reaction cross-section
between species i and j and Eij is the energy released as a result of the reaction.
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The most notable feature of Figure (3.4) is the peak in fusion power density at mod-
est confinement, neτE ≈ 1019m−3 s. In this region the energy multiplication is almost
entirely due to beam-on-bulk reactions and the large Pf is primarily due to the high Pb
required to maintain the plasma pressure. The initial increase in Pf at low neτE is due
to an increase in nTnb. Although nb decreases with increasing neτE , the increase in nT
is initially enough to compensate and raise Pf .
At higher values of neτE the beam power required to sustain the plasma decreases
and the system starts to make the transition to a conventional thermonuclear one. The
contribution to Qf from bulk thermonuclear reactions increases and the bulk ion tri-
tium concentration is reduced to allow for the optimum thermonuclear reactivity. The
energy gain increases primarily due to a reduction in Pb as Pf approaches the optimum
thermonuclear level.
By expressing neτE as a function of nT /ne the optimum confinement and its depen-
dence on temperature may be ascertained. Using the expressions for power balance,
Equation (3.5), and beam power density, Equation (3.6), the confinement time and
beam power density can be expressed as,
τE =
3
2
neT
(
1 +
nT
ne
)
1
Pb
, Pb = ne
(
1− nT
ne
)
W0
τth
, (3.26)
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allowing the confinement time to be written,
neτE =
3
2
(
1 +
nT
ne
)(
1− nT
ne
)−1 T
W0
(neτth) , (3.27)
where it is noted that neτth is independent of ne, except for the weakly varying Coulomb
logarithm appearing in τth.
The optimum confinement is found by substituting for nT /ne|max from Equation
(3.23), into Equation (3.27), to give
neτE ' 2(3T +W )
3
(neτth)
W0
. (3.28)
By noting that neτth initially increases with temperature before becoming approximately
temperature independent, the optimum confinement can be seen to be an increasing
function of T . As well as increasing the maximum Pf , then, lowering T also reduces
the optimum plasma confinement. At fixed pressure, the optimum plasma conditions
for maximising fusion power density are notably different from those required for high
gain operation, where good confinement and high temperatures are required.
3.3.3 External power density
The thermal power density required to raise Pf with decreasing temperature, scales
as Pthermal ≈ Pf/Qf . Considering again the pure tritium case, where beam-on-bulk
reactions dominate the fusion output,
Qf ' Qb = nTnb〈σv〉EDT
Pb
=
nT 〈σv〉EDT τth
W0
, (3.29)
where the substitution Pb = IbW0 = nbW0/τth was used. The thermal power density is,
therefore, given by,
Pthermal '
(
(9T + 2W )
(3T + 2W )
W0
EDT (neτth)〈σv〉
)
Pf , (3.30)
displaying a stronger inverse temperature dependence than Pf .
Clearly, when operating a fixed plasma pressure there appears to exist a highly desir-
able parameter range where significant fusion power densities can be achieved at values
of confinement far below that required for high gain. Reducing the bulk temperature al-
lows both the bulk and beam densities to be increased, raising the fusion power density.
A lower limit on the temperature may be imposed to ensure the energy multiplication
remains Qf ∼ 1, as is the case in [23], however, this choice is somewhat arbitrary.
The crucial limiting factor is that increasing Pf requires additional neutral beam
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power. As the thermal power density is limited by either divertor power loadings or
the power flux escaping the plasma, as discussed in Section 3.1, any optimisation at
fixed pressure will ultimately lead to having to further operate at a fixed thermal power
density. This restriction could be imposed by simply fixing the plasma pressure and
choosing the temperature such that Pthermal is within acceptable bounds, however, this
does not yield the maximum possible fusion power density and corresponding optimum
confinement.
3.4 Fixed pressure & thermal power density
In this section the conditions for maximising the fusion power density at fixed plasma
pressure and thermal power density are determined. Figure (3.5) shows the fusion power
density as a function of confinement at fixed pressure only (dashed curves) and under
the additional constraint of fixed Pthermal (solid curves). It is clear that the conditions
for maximising fusion power density differ under the two constraints and, as a result, it
is not possible to determine the optimum conditions using the fixed pressure procedure
described above.
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The fusion power output and associated plasma conditions are again determined us-
ing the model presented in Section 3.2, with the additional steps required to fix the
thermal power density, described in Section 3.2.2, taken. The bulk plasma species are
assumed to be in thermal equilibrium and, in the present discussion, alpha particles are
not confined.
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At fixed pressure only the bulk plasma temperature and ion to electron density ratio
are free to vary independently in the isobaric range, bounded by the density limits
ni = nb and ni = ne, with the electron density acting as the free parameter used to
maintain the pressure,
ne =
p(
1 +
ni
ne
)
T +
2
3
(
1− ni
ne
)
W
. (3.31)
At fixed values of T and W0 the fusion power density can be expressed as a function of
nT /ne only, as shown in Equation (3.19), and maximised.
Under the additional constraint of fixed Pthermal the plasma temperature and ion
to electron density ratio are no longer free to vary independently and must instead
follow trajectories pertaining to fixed Pthermal. Some examples trajectories are shown
in Figure (3.6) for a range of thermal power densities. The form of these trajectories
can be approximated by multiplying Equation (3.31) by τth and using the relations
τth = nbW0/Pb and nb = ne(1− ni/ne) to give,
(neτth) =
W0[(
1 +
ni
ne
)
T +
2
3
(
1− ni
ne
)
W
]2 (1− nine
)
p2
Pb
. (3.32)
Apart from the Coulomb logarithm, appearing in τth and W , this expression is inde-
pendent of density. Ignoring this weak density dependence, at fixed values of p, Pb and
W0, Equation (3.32) can be solved to give the unique values of T and ni/ne, with the
corresponding electron density given by Equation (3.31). It should be noted that, as
well as the weak density dependence, Equation (3.32) also assumes constant Pb, not
Pthermal. Over the majority of the parameter space considered Prad  Pb so this is a
reasonable assumption. To a reasonable degree of accuracy, it can be seen from Equa-
tion (3.32) that the coupled solutions for ni/ne and T are a function of p
2/Pthermal only.
Although algebraic, Equation (3.32) must be solved numerically due to the non-trivial
temperature dependencies of τth and W . In any case, since Equation (3.32) neglects ra-
diation, alpha particle heating, impurities and any logarithmic density dependencies to
accurately determine the plasma parameters the rigorous method presented in Section
3.2 must be used.
3.4.1 Maximising fusion power density
Owing to the coupling of the plasma parameters, described by Equation (3.32), the
effects of varying the pressure and the thermal power density are considered simulta-
neously. Contours of the maximum fusion power density and the corresponding energy
multiplication factor are shown, respectively, in Figure (3.7) and Figure (3.8), over
a range of thermal power densities and plasma pressures. Unsurprisingly, the fusion
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power density increases with both pressure and thermal power density. However, rather
than varying smoothly from a beam-dominated to a thermonuclear system, there exist
two distinct regimes of operation, separated by a discontinuity in the optimum plasma
conditions: T , ne, nT /ni and τE . At this discontinuity the bulk tritium concentration
jumps from 1 to 0.84, the temperature decreases and ne increases. The values of p,
quoted as βB2 equivalent, and Pthermal, in units MW m
−3, at which this jump occurs
are approximated, by means of a numerical fit, as
p2
Pthermal
= 0.81± 0.02, (3.33)
and are shown in Figure (3.7) and Figure (3.8), and subsequent plots, by a solid black
curve.
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Figure 3.8: Corresponding maximum Qf .
For p2/Pthermal . 0.81 the total fusion reactivity is maximised with a pure tri-
tium target plasma and the fusion power output is almost entirely due to beam-on-
target reactions. For p2/Pthermal & 0.81 the system becomes increasingly thermonu-
clear as p2/Pthermal is increased, with nT /ni reducing from 0.84 towards the optimum
thermonuclear value. The energy multiplication also increases as the fusion power
density approaches the thermonuclear level and the external heating power density,
Pext ' Pthermal, is reduced. Although the optimum values of p and Pthermal for maximis-
ing Pf and Qf are markedly different, it should be noted that, unlike at fixed pressure
only, for a given pressure and thermal power density the optimum plasma conditions
for maximising both Pf and Qf are almost identical, since Pf = QfPext ≈ QfPthermal.
As expected, high gain operation is only achievable at high values of p2/Pthermal, where
the system is predominantly thermonuclear and the applied power is low. As later dis-
cussed in Section 3.5.4, if fusion born alpha particles are confined the energy gain in
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the thermonuclear region increases at a greater rate than that seen here and the system
eventually reaches ignition, where Pext = 0.
The discontinuity in the optimum tritium concentration and bulk plasma conditions
at a fixed value of p2/Pthermal, is understood by considering the ratio of fusion power
densities when operating with pure tritium and with nT /ni < 1,
PnT=ni
PnT<ni
'
(
1− ni
ne
)
〈σv〉nT=nib(
ni
ne
)(
nT
ni
)(
1− nT
ni
)
〈σv〉th +
(
1− ni
ne
)(
nT
ni
)
〈σv〉nT<nib
, (3.34)
where the subscripts b and th represent, respectively, beam-on-bulk and thermonuclear
quantities. Only DT reactions have been considered in Equation (3.34) as the contri-
bution from DD and TT reactions is negligible. This ratio is independent of density,
except for the weakly varying Coulomb logarithm appearing in 〈σv〉b. As a result, the
point at which the optimum tritium concentration is reduced from unity is a function
of T and ni/ne only, and, making reference to Equation (3.32), therefore, p
2/Pthermal.
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The step change in the optimum bulk tritium concentration is understood by exam-
ining the nT /ni dependence of the total fusion power density, and the corresponding
contributions from thermonuclear and beam-on-bulk reactions close to the discontinu-
ity, as shown in Figure (3.9). If the bulk plasma parameters (ne, T and ni/ne) are held
constant and only nT /ni is allowed to vary the thermonuclear fusion power density is
proportional to (nT /ni)(1 − nT /ni), being maximised at nT /ni = 0.5, and the beam-
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on-bulk fusion power density is proportional to nT /ni. The optimum nT /ni depends
on the ratio of thermonuclear to beam-on-bulk fusion power densities, which is of the
order ∼ p2/Pthermal, and varies smoothly between 0.5 and 1.
The fusion power densities for a fixed set of plasma parameters are shown as dashed
lines in Figure (3.9). Allowing the bulk plasma parameters to take their optimum val-
ues causes a significant deviation in the beam-on-bulk fusion power density at high
tritium concentrations, driven by an increase in the target temperature and a reduc-
tion in the density, leading to an increase in the beam energy multiplication, Qb ∝
niτth ∝ (ni/ne)T 3/2e . A closer examination of the total fusion power density for values
of p2/Pthermal close to the discontinuity, Figure (3.10), reveals a local maximum and
minimum at high nT /ni. The value of nT /ni that maximises Pf can be seen to jump
from 1 to 0.84 as the ratio of beam-on-bulk to thermonuclear fusion power density de-
creases and the fusion power density at the local maximum increases relative to that at
nT /ni = 1. As the optimal target plasma conditions vary with nT /ni, especially at high
nT /ni, they also undergo a step change. In the thermonuclear regime the optimum bulk
tritium concentration scales approximately as nT /ni ' 0.5 + 0.209
(
p2/Pthermal
)−2.29
.
When operating under optimal conditions, close to the discontinuity the fusion power
density is only very weakly dependent on nT /ni for bulk tritium concentrations in the
range nT /ni = 0.75→ 1.
3.4.2 Optimum plasma conditions
For prescribed values of p and Pthermal there exists only a single optimum operating
point. The results presented in this section are used, in part, to explain the variation of
Pf and Qf seen above, and to also act as a reference to be considered when designing
a high power density device.
The optimum bulk plasma electron density and temperature are shown, respectively,
in Figure (3.11) and Figure (3.12). As discussed, the optimum temperature is approxi-
mately constant along contours of fixed p2/Pthermal, scaling as,
T (keV) '
{
16.9
(
p2/Pthermal
)3/5
, for p2/Pthermal . 0.81
11.9
(
p2/Pthermal
)0.145
, for p2/Pthermal & 0.81,
(3.35)
The same is not true of density, which, at the optimal point, depends on pressure alone,
as described by Equation (3.31).
In the pure tritium regime the fusion power density is almost entirely due to beam-
on-bulk reactions and the optimum plasma conditions are those that maximise the
beam-on-target fusion power density,
Pf = PbQb = nTnb〈σv〉EDT =
[
Pb
nT
ne
(neτth)〈σv〉
]
EDT
W0
. (3.36)
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Apart from the Coulomb logarithm appearing in τth and 〈σv〉, this expression is indepen-
dent of density and, for T < 18keV, the term (neτth)〈σv〉 increases with temperature.
The maximum temperature at which both the pressure and thermal power density can
be maintained is an increasing function of p2/Pthermal, as shown in Figure (3.6). The
temperature does not take the maximum allowed value, however, as, while (neτth)〈σv〉
is maximised at the highest possible temperature (assuming T < 18keV), nT /ne, for
the most part, is inversely related to temperature.
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Figure 3.11: Optimum bulk plasma electron
density as a function of pressure and Pthermal.
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Figure 3.12: Optimum bulk plasma tempera-
ture, T = Te = TT = TD.
As discussed in Section 2.3.2, the maximum energy multiplication of fast beam ions
injected into a target plasma increases with temperature. In the pure tritium regime,
with decreasing p2/Pthermal the optimal Pf becomes increasingly less dependent on
Pthermal, as any increase in Pb is offset by a reduction in the optimum temperature, and
hence a reduction in the energy gain.
Crossing the discontinuity into the thermonuclear regime the temperature drops from,
T ' 14.7keV to T ' 11.8keV, slightly below the optimum thermonuclear value of
T = 13.8keV, to allow for an increase in the bulk density. This increases the ratio of
thermonuclear to beam-on-target fusion power densities from ∼ 0 to approximately 1/3,
reflecting the shift from a beam-dominated system to an increasingly thermonuclear one.
The optimum plasma conditions more closely resemble that of a conventional, high gain
device, with Pf more strongly related to the plasma density and pressure.
3.4.3 Optimum confinement
Perhaps the most significant consideration when designing any fusion device, be it for
power production or any other potential application, is the plasma confinement, neτE ,
shown in Figure (3.13), or confinement time, τE , Figure (3.14), required to reach the
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desired operating point.
Using Equation (3.5), Equation (3.9) and Equation (3.11) the confinement can be
expressed as:
neτE =
3
2
1
(1 + Γ)
1(
1− ni
ne
)
T +
2
3
(
1− ni
ne
)
W
p2
Pthermal
. (3.37)
Noting that the optimum values of T , ni/ne and, therefore, W and Γ, are approximately
constant along contours of p2/Pthermal, it can be seen that so too is the optimum neτE .
Since Qf is also approximately constant along contours of p
2/Pthermal the energy mul-
tiplication is a function of neτE , or, as T is also constant along contours of p
2/Pthermal,
a function of neTτE , producing a Lawson like criteria. The dependence of confinement
on p2/Pthermal is approximately described by,
neτE(m
−3 s) '
{
2.885× 1019 (p2/Pthermal)1.344 , for p2/Pthermal . 0.81
5.014× 1019 (p2/Pthermal)2.1 , for p2/Pthermal & 0.81, (3.38)
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Figure 3.14: Optimum confinement time,
τE(ms).
Since Pf does not display the same p
2/Pthermal dependence, if high gain is not im-
portant, high Pf can be achieved at significantly more lenient levels of confinement,
providing low p2/Pthermal can be tolerated. In the beam-dominated regime low confine-
ment is necessary to allow for sufficient throughput of the injected power without an
increase in the plasma pressure. If the confinement cannot be made sufficiently low p
will increase until power balance is restored. If the higher pressure exceeds that allowed
by stability limits, a disruption will be triggered, terminating the plasma.
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3.5 Achieving optimal operation
In this section, the sensitivity of the fusion power density and associated plasma pa-
rameters about the optimum point are discussed, along with the effects of the bulk ion
composition, fast alpha particle retention and the plasma impurity content.
3.5.1 Sensitivity to the plasma parameters
When both the plasma pressure and thermal power density are fixed there exists only
a single optimum point, accessing which requires precise, simultaneous control of the
target plasma density, temperature and confinement. Here, instead of choosing only this
optimum point, the electron density is allowed to vary between values corresponding to
ni/ne = 0.5 and ni/ne ' 1. The plasma pressure and thermal power density remain
fixed over the range of ne considered. This, therefore, is not an investigation of the
stability of the operational point against perturbations in the plasma parameters, as
these would not maintain constant p and Pthermal.
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ample of the variation
in the key plasma
parameters and fu-
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To demonstrate the sensitivity of the system about the optimum point a reference
case of p(βB2) = 1 and Pthermal = 1.3MW m
−3, is investigated and shown in Figure
(3.15). It can be seen that the fusion power density peak is fairly broad. The increase
in Pb at high ne is due to an increase in the radiated power. Table (3.1) shows optimum
values of ne, T and τE for a range of thermal power densities at a fixed pressure of
p(βB2) = 1. It should be noted that ne and T are not free to vary independently in
the range indicated as this would not maintain the plasma pressure and thermal power
density. About the optimum point there is significant room for variation in both the
bulk density and plasma temperature. The reduction in temperature with increasing
density could prove useful if reaching the higher temperatures proves problematic. At
low p2/Pthermal the temperature range is reduced and becomes more skewed towards the
lower temperature bound due to the temperature peaking within the variational range,
as shown at low confinement in Figure (3.15). Again, as it is reaching high temperatures
that is often problematic this skew towards lower T is favourable.
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Pthermal p
2/Pthermal ne T τE
(MW m−3) (×1019m−3) (keV) (ms)
0.5 2 9.47+4.53−3.03 12.6
−3.9
+5.6 113
+3
−4
1 1 9.64+5.28−3.33 11.8
−3.9
+5.3 53
+3
−5
2 0.5 8.52+5.80−2.15 11.1
−3.5
+0.7 21
+5
−6
3 0.33 10.4+6.19−2.6 8.6
−2.2
+0.4 13
+3
−4
4 0.25 12.0+6.68−3.07 7.2
−1.7
+0.3 10
+3
−3
5 0.2 13.4+7.17−3.45 6.3
−1.4
+0.2 8
+2
−2
Table 3.1: An exam-
ple of the allowed vari-
ation in ne, T and τE
for a 10% reduction in
Pf . The sub and su-
per scripts show the ab-
solute value by which
ne can change, with the
corresponding τE and
T variation also shown.
For all cases p(βB2) =
1 and the bulk ion con-
centration is fixed at the
optimum value.
From Table (3.1) it can be seen that the main potential issue in reaching optimal Pf
is the small range of τE . Although the variation in confinement, neτE , is large this is
predominantly due to the change in ne, and the variation in the confinement time,
τE =
3
2
1
(1 + Γ)
p
Pthermal
, (3.39)
is small. At fixed values of p and Pthermal the confinement time is a function of the ratio
of beam to bulk pressure, Γ, only. About the optimum point the variation of Γ is small,
hence the limited range of τE . This small range of τE could present significant design
issues, as it places tight restrictions on the required confinement time and, therefore,
the device parameters.
3.5.2 Bulk ion composition
The optimum ion composition and sensitivity to nT /ni depends on the operational
point. In the beam dominated operating regime (p2/Pthermal . 0.81) the maximum fu-
sion power density is realised when operating with a pure tritium bulk plasma. Crossing
the discontinuity at p2/Pthermal ' 0.81, the optimum tritium concentration jumps from
1→ 0.84 and then decreases towards 0.5 as the system becomes increasingly thermonu-
clear. Operating with high levels of tritium introduces both practical and regulatory
issues and it may be desirable to operate with lower than optimum levels of tritium to
reduce the overall tritium inventory. Maintaining a specific tritium concentration may
also be challenging due to the accumulation of deuterium in the bulk plasma. If a high
tritium concentration is to be maintained the deuterium beam ions must be lost from
the plasma at or shortly after thermalising. Recycling of beam particles at the plasma
boundary will also lead to the accumulation of bulk deuterium and must, therefore, be
minimised.
Contours of normalised fusion power density as a function of nT /ni and confinement,
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Figure 3.16: Contours of fusion power density normalised to maximum Pf at the same pressure
and Pthermal. (a) Beam dominated region, p
2/Pthermal = 0.25. (b) Close to the boundary,
p2/Pthermal = 0.81. (c) Thermonuclear dominated region, p
2/Pthermal = 4.5. The dashed black
curve shows the optimum neτE as a function of nT /ni.
neτE , are shown in Figure (3.16), for representative examples of the beam dominated
and thermonuclear regions and close to the boundary between the two regimes. The fu-
sion power output is most sensitive to the tritium concentration in the beam-dominated
regime, where Pf ∼ nT /ni, and careful control of the edge recycling and prompt loss of
the thermalised beam ions is required. In designing a device to operate in this regime
it is important to accurately predict the level of recycling, or to allow for sufficient
contingency should recycling be higher than expected. Ensuring the beam ions are
promptly lost may also place tight restrictions on the beam injection geometry. There
is some scope to modify the fast particle confinement by choosing to inject parallel or
anti-parallel to the toroidal field, with co-injected particles tracing out large orbits in
the poloidal plane, as shown in Figure (2.5), and thus being more likely to escape the
plasma. However, this only provides limited scope to modify the fast particle confine-
ment.
In the thermonuclear region (high p2/Pthermal), for bulk ion concentrations around
±20% of the optimum value the system is fairly insensitive to nT /ni as Pf ∼ nT /ni(1−
nT /ni). Outside of this region, however, the fusion power density rapidly reduces as
nT /ni moves further from the optimum. This is less problematic as maintaining a
bulk ion composition close to 1 : 1 presents significantly less issues than maintaining
nT /ni ∼ 1 as, even if the level of edge recycling and/or fast particle confinement can not
be accurately measured or predicted, the cold fuelling of both deuterium and tritium
could be used to tailor the bulk ion composition accordingly.
The fusion power output is least sensitive to nT /ni close to the boundary at p
2/Pthermal '
0.81. As already discussed in Section 3.4.1, in this region Pf is insensitive to nT /ni,
varying less than 5% in the range 0.75 < nT /ni < 1. Further from the discontinuity,
0.72 . p2/Pthermal . 1.28, the fusion power density remains fairly insensitive to nT /ni
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being reduced, at most, by 20% over the range nT /ni = 0.5 → 1. The benefits of
the beam dominated regime, namely modest confinement, could, therefore, be exploited
without the need for a pure tritium target plasma by operating with p2/Pthermal ∼ 0.81.
3.5.3 Impurities
Tokamak plasmas typical contain impurities. These impurities will often be in thermal
equilibrium with the bulk ion and electron populations and will therefore exert a finite
pressure. Taking the definition of the effective thermal ion charge, Equation (3.17), the
ratio of impurity to bulk ion charge density is,
nIZI
nD + nT
= ZI
(
Z¯ − 1)(
ZI − Z¯
) . (3.40)
To highlight the effect of impurities a representative example of p(βB2) = 1 and
Pthermal = 1.5MW m
−3 is considered. Fast alpha particles are assumed to escape the
plasma immediately and, as before, any thermal species (which now also includes the
impurities) are assumed to be in thermal equilibrium. The ratio of fusion power densities
for a plasma containing impurities (Z¯ > 1) relative to that in a pure plasma (Z¯ = 1) is
shown as a function of ZI in Figure (3.17) for various impurity charge density fractions.
Thermal alpha particles (Z = 2) are not considered here, as a thermal alpha population
requires fast alpha particles to be confined. Thermal alpha particles are discussed later
in Section 3.5.4.
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Figure 3.17: Fusion
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Impurities affect the optimum conditions in a number of ways. As well as contribut-
ing to the total plasma pressure and increasing the radiated power density an increased
impurity content also raises the fast particle critical velocity, reducing the fast particle
thermalisation time and density. As such, the effect of impurities is somewhat involved.
In the presence of an impurity population the electron density increases and the beam
and ion densities decrease to cancel the impurity charge and maintain quasi-neutrality.
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The increase in ne is approximately proportional to both nIZI/(nD + nT ) and ZI . At
fixed Pthermal, and, therefore, approximately fixed Pb, this increased electron density
leads to a reduction in the beam density and pressure through the inverse density
dependence of the fast particle thermalisation time. Because the impurity pressure,
nITI , is not a function of ZI , this reduction in pbeam is not compensated for by the
impurity pressure. To remain isobaric the bulk pressure must increase to compensate.
The combination of these changes leads to the reduction in the bulk ion density being
inversely related to ZI , hence the slight favourable dependence on higher ZI seen in
Figure (3.17).
3.5.4 Alpha particle retention
In the previous sections it has been assumed that the alpha particles produced as a
result of the DT reaction immediately escape the plasma. While this represents the
ideal case, the confinement of fast alpha particles is dictated, in part, by the plasma
current, which also determines the plasma stability and, therefore, may not be able to
be set sufficiently low as to not confine alpha particles. The alpha particle contribution
to Pthermal reduces the external power density by a factor (1 + 0.2Qf )
−1, assuming
the change in the radiated power is negligible. Neglecting the small alpha particle
contribution to quasi-neutrality, the fixed pressure requirement may be expressed,
p = ne
[(
1 +
ni
ne
)
T +
2
3
(
1− ni
ne
)
W b
(
1 +
nαWα
nbW b
)]
, (3.41)
where the subscripts b and α represent the beam and alpha particles respectively, and
the ratio of alpha to beam pressure is
nαWα
nbW b
=
Qf
5
(
τth,α
τth,b
Wα
W0,α
Wb,0
W b
)
, (3.42)
where the 0 subscripts represent the initial fast particle energies. In the optimum
temperature range, T = 4 − 14keV, the terms in brackets varies from 1 → 2.8, and
displays the familiar weak logarithmic electron density dependence. The trajectories of
T and ni/ne, described in the absence of alpha particles by Equation (3.32), are now
approximated by,
(neτth) =
Wb,0[(
1 +
ni
ne
)
T +
2
3
(
1− ni
ne
)
W b
(
1 +
nαWα
nbW b
)]2 (1− nine
)
p2 (1 + 0.2Qf )
Pthermal
.
(3.43)
The optimum bulk ion composition and associated plasma parameters again undergo
a step change, with the optimum nT /ni still reducing from 1 → 0.84. The boundary
between the beam dominated and thermonuclear regions now occurs at the lower value
of p2/Pthermal = 0.64± 0.02, due to the reduction in beam power at a given Pthermal.
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In the pure tritium regime Pf is reduced by the same factor as Pb, (1 + 0.2Qf )
−1,
and the energy multiplication is essentially unchanged. In the thermonuclear region the
reduction in the bulk ion density needed to accommodate the alpha particle charge
density leads to a reduction in Pf of approximately 20%. Despite this reduction,
the energy multiplication factor is enhanced due to a larger reduction in Pb. The
plasma reaches ignition at p2/Pthermal ' 4.96, where the corresponding confinement is
neτE = 2.9× 1020m−3 s, and fusion triple product, neTτE = 3.4× 1021m−3 keV s.
The confinement of fusion born alpha particles could be considered beneficial when
operating in the thermonuclear regime as, although the fusion power is reduced, the
overall efficiency of neutron production is increased. In the beam dominated regime
there is no benefit as the energy multiplication factor is unchanged, while Pf is reduced
by a factor of (1 + 0.2Qf )
−1. This reduction is most significant close to the discontinu-
ity, where Qf is maximised and the confinement of fast alpha particles results in a Pf
reduction of approximately 25%.
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If fast alpha particles are confined it is likely that a thermal alpha population will
also form. The thermal alpha charge content, 2nthermalα /(nD + nT ), is varied between
0→ 0.5 and the fusion power density relative to that with no thermal alpha population
is plotted in Figure (3.18) for selected values of p2/Pthermal. The reduction in Pf is least
severe in the beam dominated regime (low p2/Pthermal). At fixed Pthermal the reduction
in Pf and, therefore Pα, allows for an increase in Pb of upto 15% that partly negates
the reduction in Pf . In the thermonuclear regime Pb can increase substantially, between
20−300%, however, as the largest increases occur when the majority of the fusion power
output is due to thermonuclear reactions, this increase makes little difference and Pf is
reduced due to the reduction in nT and nD needed to maintain quasi-neutrality.
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3.6 Summary
The optimum plasma conditions for maximising fusion power density, Pf , in a neutral-
beam driven, magnetically confined plasma system have been determined. Previous
studies [23, 30] have shown that, when operating at a fixed plasma pressure, p, the
maximum Pf is inversely related to the plasma temperature. Reducing the tempera-
ture allows the injected beam power to be increased leading to the increase in Pf . To
allow for sufficient throughput of this additional power, the bulk plasma confinement
must also be reduced. High fusion power densities can, therefore, be achieved at levels
of confinement far lower than that required for high gain operation.
This appears to represent a highly desirable optimisation with both Pf and con-
finement scaling favourably as temperature is reduced. However, a crucial factor not
previously considered is that there also exist strict limitations on the thermal power
escaping the plasma, relating to material survivability or plasma stability. Because of
the increase in beam power with reducing temperature the fixed pressure optimisation
is ultimately restricted by the need to also conform to the thermal power limitations.
It is, therefore, necessary to re-examine the principles of maximising Pf under this ad-
ditional constraint.
When the thermal power density, Pthermal, is fixed the optimal conditions differ from
those at fixed pressure only. No longer free to vary in the isobaric range, the plasma and
beam parameters now follow trajectories of fixed thermal power density. Under this new
constraint the optimum plasma conditions were determined and two distinct regimes of
operation identified, characterised by the contribution to Pf from thermonuclear and
beam-on-target reactions and separated by a discontinuity in the optimal plasma condi-
tions. The ratio p2/Pthermal was found to be a useful characterisation parameter, with
the optimum temperature, confinement, bulk tritium concentration and energy gain all
being functions of p2/Pthermal.
In the first operational regime, characterised by low p2/Pthermal, reactions between
fast beam and thermal target ions dominate the fusion output and the contribution from
thermonuclear reactions is negligible. Accordingly, the optimum plasma conditions are
those that maximise the beam-on-target fusion reactivity. Maximum Pf is attained
when operating with a pure tritium target plasma and the required confinement is low.
However, unlike at fixed pressure only, Pf can not be increased by reducing the tem-
perature, as this does not allow for an increase in the injected beam power. Instead,
the optimum temperature was close to the maximum allowed. In the second regime,
where p2/Pthermal is high, the optimal plasma conditions more closely resemble that
of a conventional thermonuclear system. Reactions between bulk plasma ions make a
significant contribution to Pf allowing for higher energy gains but also requiring greater
confinement. The optimum plasma temperature is approximately constant, T ∼ 13keV,
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and Pf can only be increased by raising the plasma pressure.
In the beam dominated regime Pf ∝ nT /ni, and precise control of the bulk ion
composition and the level of edge recycling are required to minimise the accumulation
of deuterium in the bulk plasma. The confinement of fast alpha particles reduces Pf by
a factor (1 + 0.2Qf )
−1, while leaving the energy gain unchanged. In the thermonuclear
region the confinement of fast alpha particles leads to a reduction in Pf of approximately
20% but increases the overall energy gain and could, therefore, be considered beneficial.
The effect of bulk impurities was found to be most severe in the thermonuclear region.

4 High power density device
optimisation
In this Chapter a novel high power density device design procedure, based on the results
of Chapter 3, is presented. By applying a number of known tokamak stability limits
and making use of the plasma conditions derived in Chapter 3 the model provides a
framework for simplifying and informing what would otherwise be a perplexing search
for the optimal device configuration.
This chapter is structured as follows: firstly, the design motivation and methodology
are introduced and a review of selected proposed high power density devices is given.
Following this, a series of fundamental tokamak stability and power handling limits are
introduced and the range of possible device geometries over which a specified fusion
output can be achieved are determined. Next, using the stability and power handling
limits, the optimisation procedure is outlined and the device parameters determined.
Finally, some concluding remarks about the optimisation results are given.
4.1 Design motivation & overview
The fusion output requirements of a high power density device depend heavily on the ap-
plication, however, typically, a specified first wall neutron flux is required in conjunction
with a minimum volume averaged fusion power output. High power density devices have
numerous applications, with one such application being a facility designed to address
outstanding issues relating to the development of commercial fusion power. The concep-
tual design of such a device has received significant interest [26, 27, 79–84] and is widely
viewed as a means to fast-track the development of a demonstration fusion power plant.
Such a facility would be complimentary to ITER and would address outstanding issues
such as tritium breeding, fuel sustainability, power extraction and material survivability.
For a device testing fusion materials and technology it is generally accepted that a
minimum first wall neutron flux of ∼ 1MW m−2 is required, approximately double that
of ITER. A large sample area, capable of testing full size first wall and blanket mod-
ules, and the ability to operate continuously for long periods of time are also crucial for
testing under reactor relevant conditions.
A review of a selection of proposed fusion test facilities is given in Table (4.1). The
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devices included are: Vulcan - a high magnetic field, large aspect ratio tokamak de-
signed to investigate plasma material interactions; the UK-ST-CTF - A Component
Test Facility with spherical tokamak geometry; FNSF-AT - A Fusion Nuclear Science
Facility based on the Advanced Tokamak (AT) operating regime; FNSF-ST - A Fusion
Nuclear Science Facility based on the spherical tokamak; and FNS-ST a compact, low
power output Fusion Neutron Source.
The optimisation procedure outlined relies directly on the results derived in the pre-
vious chapter and is unique in that it makes use of a predefined optimum operating
point. By imposing a number of established stability limits and rigorously defining the
fusion output (both the neutron flux and total fusion power) the required fusion power
density can be determined using geometric arguments alone. This specifies the range of
pressures and thermal power densities over which the device can potentially operate. By
imposing further limitations on the thermal power density the range of machine param-
eters over which the required plasma conditions can be achieved are determined using a
straightforward physics model. This simplifies the design significantly as it reduces the
potential parameter space by removing the plasma variables, leaving only the machine
parameters to be determined. Finally, the device is optimised within this operational
range by specifying certain design criteria.
This novel optimisation procedure allows operational regimes most readily applica-
ble to high power density operation to be identified and potential device limitations
to be highlighted. The model and conclusions presented are intended to transparently
identify regions of potential interest and form the basis of a more advanced device design.
The purpose of this Chapter is to introduce a novel device design procedure and in
order to do so a specific case must be considered. As such, a representative design point
of a 1MW m−2 first wall neutron flux and 75MW of total fusion power is chosen. This
equates to a plasma surface area, and, therefore, maximum possible testing area, of
∼ 60m2. The chosen neutron flux is comparable to that of the devices shown in Table
(4.1) and the total fusion power lies somewhere between the UK-ST-CTF and FNSF-AT
and FNSF-ST designs.
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Parameter Vulcanb [85] UK-ST-CTFc [82, 86] FNSF-ATe [26, 27, 79] FNSF-ST [80, 81] FNS-ST [21]
I II III
R0(m)/a(m) 1.2/0.3 0.85/0.55 2.70/0.77 2.70/0.77 2.70/0.77 1.30/0.76 0.5/0.3
 0.25 0.65 0.28 0.28 0.28 0.59 0.60
κ/δ 1.7/0.7 2.4/0.4 2.31/NSf 2.31/NS 2.31/NS 2.89/NS 2.75/0.5
S(m2) 19.8 31.6 139 139 139 75 13
V (m3) 3.6 11.8 71 71 71 42 2.5
BT0(T) 7.0 2.47 5.46 5.46 5.46 3.6 1.5
Ip(MA) 1.7 6.5 6.60 6.60 7.03 8.4 1.5
PfV (MW) ∼ 0 35 127 228 386 152 3.25
PextV (MW) 19.8 54(44)
d 73.2g 85.8 69.2 61h 10(NBI) 5 (EC)
Pthermal
a (MW m−3) 5.50 5.17(4.32) 1.39 1.85 2.06 2.19 6.26
PthermalV/S (MW m
−2) 1 1.93(1.61) 0.71 0.95 1.05 1.22 1.20
∆div (MW m
−1) 16.5 71.8(60.0) 36.6 48.6 54.2 70.8 31.3
Γn (MW m
−2) ∼ 0 1 0.73 1.31 2.22 1.62 0.2
Qf 0 3.4 1.73 2.66 5.58 2.5 0.22
H98 1.2 1.3 1.13 1.23 1.33 1.25 1-2
τE(ms) 94 10 44 44 52 28 NS
T e(keV) 2.7 19.2 20(Ti0) 20(Ti0) 20(Ti0) 7.2(T e), 11.8(T i) NS
ne(10
20m−3) 3.95 1.1 1.28 1.72 2.24 1.50 1-4
fbs(%) 70 Not specified (NS) 55 74 85 53 NS
βN 2.80 3.5 2.75 3.69 4.50 3.5 5
βT (%) 2.3 16.7 4.3 5.8 7.6 10.8 16.7
p(βB2) 1.13 1.02 1.28 1.73 2.27 1.40 0.38
qa 3.0 13.0(qa), 3.0(q0) 2.8 2.8 2.7 4.5 NS
Table 4.1: Operating parameters for a selection of current high power density devices designed for non-electrical applications
a Radiated power density not included in values of Pthermal quoted
b Vulcan is designed to operate with DD only.
c Previous design found at [86].
d 34MW off-axis current drive using 150keV positive ion source NBI. On-axis current drive provided by either 20MW 150keV positive ion source NBI or
10MW 200keV negative ion source NBI.
e Advanced Tokamak approach based on the ARIES-AT power plant design [87, 88].
f NS - Not specified. Where δ was not specified it was assumed δ = 0.5.
g Design I employs both electron cyclotron (EC) and lower hybrid current drive. Designs II and III use EC only. h 330keV negative ion source NBI.
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4.2 Operational limits
4.2.1 Stability limits
All tokamak plasmas are subject to a number of principle stability considerations that
restrict the design parameter space. These are: the Sykes-Troyon beta limit, the kink
stability limit, the vertical stability (elongation) limit and the Greenwald density limit.
The Sykes-Troyon beta limit [89], which limits beta,
β ≤ Ip
aBT0
βmaxN , (4.1)
ensures the plasma remains stable against pressure-driven instabilities and disruptions.
The normalised beta limit, βmaxN , was initially determined by Troyon [89] to be β
max
N =
2.8. However, βmaxN , is not a universal constant and depends on the plasma shape,
aspect ratio and the proximity of the conducting vessel wall. Higher values of βN have
routinely been reached, for example, on DIII-D, where βN = 4.5 [90] and on NSTX,
where βN = 7.2 [91]. In light of this β
max
N is expressed as a fixed fraction, fβ, of the
ideal normalised beta, estimated in [92] as,
βidealN =10
(−0.7748 + 1.2869κ− 0.2921κ2 + 0.0197κ3)
× coth [(1.8524 + 0.2319κ) 0.6163] 0.5523, (4.2)
as βmaxN = fββ
ideal
N .
To avoid disruptive kink instabilities the edge safety factor must satisfy [93]
qa =
5BT0a
Ip
1 + κ2
2
≥ 2.2, (4.3)
where a 10% safety margin is included. The elongation, κ, is limited by the need to retain
vertical stability and avoid Vertical Displacement Events (VDEs), where the plasma
moves rapidly in the vertical plane. An empirically derived limit on the maximum
stable elongations is given in [94] as,
κ ≤ κmax = 2.4 + 65 exp
[
− 1
0.376
]
. (4.4)
Finally, the electron density must be below the Greenwald density limit [95],
ne,20 < nGW =
Ip
pia2
, (4.5)
to avoid disruptions. No widely accepted model of this density limit exists, although it
is routinely observed experimentally.
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All of these limits have been experimental validated and although devices have been
able to operate outside of them, for the purpose of this investigation they adequately
define the operational space.
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Figure 4.1: The total fu-
sion power output (MW)
required to give a first
wall neutron flux, Γn =
1MW m−2, as a function
of R0 and , assuming δ =
0.5 and κ = 0.9κmax.
The plasma surface area is
constant along contours of
PfV .
At a given total fusion power, PfV , operating at constant first wall neutron flux, Γn,
fixes the plasma surface area, S. Using Equation (4.4) to relate κ to  and allowing for
a 10% stability margin by setting κ = 0.9κmax, the values of R0 and  that maintain S,
and therefore Γn, can be found from geometric arguments alone. The plasma triangu-
larity only enters the optimisation through the small effect it has on the plasma volume
and surface area and, for simplicity, is fixed, δ = 0.5. The total fusion power required to
give a first wall neutron flux of Γn = 1MW m
−2 is shown in Figure (4.1) as a function
of R0 and . Further specifying the total fusion power, PfV , determines the range of
possible plasma geometries.
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Figure 4.2: The geometry needed to mainatin the plasma surface area and thus the first wall
neutron flux for a fixed total fusion power output of 75MW. The plasma volume is inversely
related to R0 due to the reduction in  and, therefore, κ with increasing R0.
Values of , κ and V are shown in Figure (4.2). When operating at fixed Γn and PfV
the plasma volume is inversely related to R0 due to the increase in , and, therefore,
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also κ, with decreasing R0. Owing to this inverse dependence, the fusion power density
needed to operate at the desired point is an increasing function of R0, suggesting, based
on the required fusion power density alone, that it may be easier to reach the desired
operating point at lower major radius.
4.2.2 Power limits
As discussed in Chapter 3 there are two primary factors that will limit the thermal power
density at which a device can operate. The first is related to the maximum tolerable
power flowing to the divertor, ∆div, and limits the thermal power density, Pthermal, by,
Pthermal ≤ R0
V
∆div. (4.6)
For the proposed devices considered in Table (4.1), ∆div lies in the range 15−70MW m−1.
Improving divertor power handling is an active area of current research [96–98] and a
high power density device would be ideally suited to address some of the outstanding
issues.
R0(m)
1.5 2 2.5 3 3.5 4
P
th
e
r
m
a
l
(M
W
/
m
−
3
)
0
2
4
6
8
10
12
0.2
0.6
1.0
1.4
20
40
60
Figure 4.3: The solid
curves show the maximum
allowed thermal power
density based on operating
at a fixed Γth and the
dashed curves at fixed
∆div. The values of Γth
and ∆div are indicated
in units of MW m−2 and
MW m−1 respectively.
The second potential power limiting factor is the thermal power per unit surface area
escaping the plasma, Γth = PthermalV/S [69]. As discussed in the previous chapter this
limit has not been experimentally validated and it is noted that devices with advanced
wall conditioning, for example EAST and TFTR [99], have stably operated with ther-
mal power fluxes exceeding the proposed limit. All of the devices shown in Table (4.1)
are designed to operate in excess of this limit, often by a considerable margin. The need
for high Γth operation is not unique to non-electrical fusion applications and, typically,
reactor concepts require Γth & 0.6MW m−2 [100–102]. The Vulcan experimental reactor
[85] is designed to directly address the issues associated with reactor relevant surface
power fluxes. Although the validity of this limit is questionable, it serves as a useful
optimisation parameter.
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The maximum thermal power density as a function of major radius as allowed by the
∆div and Γth limits is shown in Figure (4.3). At large major radius the Γth limit is the
most severe, while at lower R0 both limits are of approximately equal significance. Only
the Γth limit is imposed as applying both limits simultaneously would add unnecessary
complexity and specificity to the discussion.
4.3 Optimisation procedure
In this section the procedure for determining the optimum plasma and device parameters
that give the specified fusion output while simultaneously remaining below the stability
and power handling limits is outlined.
4.3.1 Optimum plasma parameters
As the fusion power is an increasing function of the injected beam power, the thermal
power density is taken as the maximum allowed by the surface power flux limit, shown
in Figure (4.3). At this maximum thermal power density the plasma pressure, p, needed
to operate at the required fusion power density, shown in Figure (4.2), can be found
using the results presented in Chapter 3, where it is assumed that the plasma conditions
are those that maximise the fusion power output. This, in turn, also determines the
optimum plasma temperature and species densities (ne, nT and nD).
The externally applied power is, PextV = (Pthermal − Prad − δαPα)V , where δα = 1 if
alphas are confined and 0 if not. Therefore, the energy multiplication needed to achieve
the specified total fusion power is,
Qf =
PfV
(PthermalV − PradV − δαPαV ) =
PfV
(ΓthS − PradV − δαPαV ) , (4.7)
where the relation PthermalV = ΓthS is used. As PαV = 0.2PfV and the surface area, S,
is constant it follows that Qf is a function of Γth only, assuming PradV  PfV , which is
generally the case. In Chapter 3 it was shown that the energy multiplication factor is a
function of p2/Pthermal only, and that so are the optimum plasma temperature, T , and
bulk tritium concentration, nT /ni. It follows that T and nT /ni are also independent
of R0. The same is not true of the plasma density, which is a function of the plasma
pressure only and, therefore, the major radius.
An example set of optimum plasma parameters are shown in Figure (4.4) as a func-
tion of the surface power flux. For the chosen fusion power output the optimum plasma
conditions enter the pure tritium, beam dominated regime when Γth ≥ 1.08MW m−2.
This highlights one advantage of this particular optimisation procedure - the optimum
plasma parameters can be determined using Equation (4.7) alone. It remains to find
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Figure 4.4: An example set of optimum plasma parameters as a function of surface power flux,
Γth. The energy multiplication factor, Qf , bulk temperature, T and bulk tritium concentration,
nT /ni are all independent of the device size. For the example shown, R0 = 1.75m and fast alpha
particles are confined.
the machine parameters needed to operate at this optimal point.
4.3.2 Defining the operational space
Now that the optimum plasma parameters are known, it remains to calculate the cor-
responding range of machine parameters over which these conditions can be achieved.
These parameters include: the on axis toroidal field, BT0, the plasma current, Ip, the
edge safety factor, qa, and the confinement enhancement factor, Hfac.
For steady-state or long pulse operation the plasma current must be driven entirely
non-inductively. The condition for establishing a fully non-inductive current is that,
fbs + fCD = 1, (4.8)
where fbs is the bootstrap current fraction, estimated in [103], as
fbs = 0.04
−0.5βNqa, (4.9)
and the external current drive fraction is, fCD = ICD/Ip, where ICD is the total exter-
nally driven current. The external current driven by the neutral beam, INB is given in
Section 2.3.4, as,
INB = ApF (Zeff , ) eZbS0τsξ0v0I(yc, Zˆ), (4.10)
where Ap ≈ V/(2piR0) is the poloidal cross-sectional area. The initial pitch angle, ξ0,
allows for some optimisation of the beam driven current. The fraction of the total
current driven by the neutral beam is fNB = INB/Ip. At a given operating point the
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thermal power density is fixed and it follows that if any additional current drive power
other than the neutral beam is applied that the beam injection power must be reduced,
leading to a reduction in the fusion power. Since the required fusion power is fixed,
this reduction must be compensated for by an increase in the plasma pressure, making
the device more prone to pressure driven instabilities. It is therefore assumed that the
non-inductive current condition, Equation (4.8), is satisfied with neutral beam driven
current alone.
Under this assumption the Sykes-Troyon beta limit, Equation (4.1); the expression
for the edge safety factor, Equation (4.3); and the expression for the bootstrap current
fraction, Equation (4.9), can be used to express the fully non-inductive current drive
condition, Equation (4.8), as
[
5
(
1 + κ2
2
)
p
βN (%)
]−1/2
INB
R0
√
qa = 1− 0.04−0.5βN (%)qa, (4.11)
where the pressure is expressed in terms of the equivalent β(%)B2. This expression is
solved to give the edge safety factor, qa. Being quadratic, there exist two possible values
of qa that satisfy this expression. However, one solution requires that fNB be negative
and is therefore un-physical.
The corresponding βT is found by combining the Sykes-Troyon limit, Equation (4.1),
and the expression for the edge safety factor, Equation (4.3), to give,
βT (%) = 5
(
1 + κ2
2
)
βN (%)
qa
. (4.12)
Expressing the plasma pressure in terms of the βB2 equivalent and noting that βB2 =
βTB
2
T0, gives the toroidal magnetic field as BT0 =
√
p/βT . Finally, the total plasma
current can be calculated from Ip = INB/(1− fbs).
The minimum plasma current to confine fast particles with mass number, Af , charge,
Zf , and initial energy, E0, is estimated in [70, 104] as
If,loss =
1
Zf
(
Af
2
E0 [MeV]  (1 + )
)1/2
, (4.13)
and is used to determine the confinement of fast alpha particles.
The total heating power (external + alpha) is compared against the L-H power thresh-
old [105],
PLH = 0.072n
0.7
e,20B
0.7
T0S
0.9
(
Zeff
2
)0.7( 0.1A
1− [2/(1 +A)]0.5
)0.5
, (4.14)
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where A = −1, to determine the appropriate ITER confinement scaling. The con-
finement enhancement factors, introduced in Section 2.2.6, are then calculated for the
relevant L or H-mode ITER energy confinement time scaling and the Petty2008 scaling.
4.3.3 Optimising within the defined operational space
Now that the procedure for determining the plasma and machine parameters has been
outlined it remains to find the optimum operational point. In doing so there is consid-
erable scope to tailor the optimisation to meet the specific device requirements. The
optimisation presented here aims to be as general as possible and, therefore, imposes
only a basic set of restrictions.
The confinement enhancement factor is restricted to the range generally considered
feasible, 1 ≤ Hfac ≤ 1.5, with both the ITER and Petty scalings applied and compared.
The maximum fraction of the ideal normalised beta is taken as fβ = 2/3 and is consis-
tent with the devices reviewed in Table (4.1). The initial beam pitch angle is restricted
such that the beam path does not intersect the central column. Using simple geomet-
ric arguments this requires ξ0 ≥ . For injection angles not satisfying this condition
the neutral beam path length through the plasma is significantly reduced and, as a
result, so is the fraction of beam particles ionised within the plasma. Unionised neutral
beam particles cannot contribute to the fusion power output and, more importantly,
will deposit their power over a small area of the confinement vessel wall upon exiting
the plasma. This high power deposition would likely lead to unacceptable degradation
of the confinement vessel lifetime and should be avoided. Finally, the plasma must re-
main stable against kink mode disruptions, qa ≥ 2.2, and remain below the Greenwald
density limit.
It should be noted that in an actual device the confinement enhancement factor is
not an input parameter that can be controlled as needed. However, as in any device
design, it is taken as an input such that the effects of the quality of confinement may
be ascertained.
The optimisation procedure is as follows. For prescribed values of R0 and Γth the
fraction, fβ, and the initial beam injection angle variable, ξ0, are varied within the
specified range. This defines a 2 dimensional space that is then reduced by imposing
the limitations introduced above (1 ≤ Hfac ≤ 1.5, q ≥ 2.2 and ξ0 ≥ ). Within the
remaining operational region the optimum point is taken as that which minimises the
toroidal magnetic field. This choice of optimal point is understood by noting that, as
the current is entirely non-inductively driven and the externally applied heating/current
drive power is constant, it is only advantageous to minimise BT0.
Examples of the optimisation space are shown in Figure (4.5). The magnetic field
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Figure 4.5: The red line indicates where the plasma becomes kink unstable, the dashed black
line where ξ0 = , and the two solid black curves correspond to Hfac = 1 and Hfac = 1.5, with the
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In the left column the Petty scaling is applied and in the right column the ITER scaling. In the
upper row Γth = 0.75MW m
−2 and in the lower row, Γth = 1MW m−2. The markers indicate
the minimum toroidal field.
is inversely related to both fβ and ξ0 and if no restrictions are applied is minimised
when fβ = 2/3 and ξ0 = 1. Although not shown, the plasma current is independent of
fβ, due to the inverse dependence, qa ∝ β−1N . The current is directly proportional to
ξ0, as Ip ∝ INB/(1 − fbs) ∝ ξ0 and fbs is independent of fβ. For the case shown, and
in fact in all cases considered, the plasma density is below the Greenwald limit. The
heating power also consistently exceeds the L-H power threshold, allowing the H-mode
confinement scalings to be applied.
As the surface power flux is increased the region of kink stability shrinks due to the
increased beam driven current. The region where 1 ≤ Hfac ≤ 1.5 moves in the direction
of decreasing magnetic field, as the increased heating power allows for a reduction in
BT0. An important observation is the discrepancy between the two confinement scalings.
The ITER scaling consistently requires higher magnetic fields to lie within the speci-
fied range. Figure (4.5) shows that when Γth = 0.75MW m
−2 the optimum operational
points, indicated by the markers, differ, with the ITER case requiring a higher magnetic
field. For the higher surface power flux of 1MW m−2 the two scalings share an opti-
mum point, however the corresponding ITER confinement enhancement factor is larger.
In determining whether to include fast alpha particle heating the optimisation was
first performed under the assumption that fast alpha particles are not confined. The
resulting plasma current is then compared against the alpha particle confinement cur-
rent, given by Equation (4.13). If Ip > Iα,loss the assumption that alpha particles are
not confined is invalid and the optimisation must be repeated using the relevant results.
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In all cases it was found that the current was sufficient to confine alpha particles.
4.3.4 Optimising at a fixed major radius
In this section the optimisation procedure is applied at a fixed major radius of R0 =
1.75m. Figure (4.6) shows the plasma current and toroidal magnetic field, the confine-
ment enhancement factor and the values of fβ and ξ0 at which the magnetic field is
minimised, as functions of the surface power flux. Both the ITER and Petty confine-
ment scalings are applied. For this radius the plasma current needed to confine fast
alphas is Iα,loss = 0.84MA.
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Figure 4.6: For the solid curves the Petty confinement scaling was used in the optimisation
and for the broken curves the ITER scaling. R0 = 1.75m .
For simplicity, the following discussion will focus on the case where the Petty con-
finement scaling is applied. By making reference to Figure (4.5) the various features of
Figure (4.6) can be explained. At low surface power fluxes (Γth ≤ 0.74MW m−2 for the
Petty confinement scaling and Γth ≤ 0.90MW m−2 for the ITER scaling) the magnetic
field is strongly dependent on Γth. From Figure (4.5) this corresponds to the case where
the minimum field is limited by the requirement that Hfac ≤ 1.5, as in the top right
sub-figure where the optimum point lies at the intersection of the lines corresponding
to ξ0 = 1 and Hfac = 1.5 and moves in the direction of increasing fβ (reducing BT0) as
Γth is increased. The confinement scalings indicate that increasing the magnetic field
is a reasonably ineffective way of improving the confinement
(
τE,ITERH-98P(y,2) ∝ B0.15T0
and τE,Petty2008 ∝ B0.3T0
)
, hence the strong dependence of BT0 on Γth. Increasing the
plasma current would be far more effective, but as the current is maximised at ξ0 = 1 it
cannot be increased further without applying additional external power. This suggests
that there is a minimum Γth at which the device must be able to stably operate. Oper-
ation at lower Γth is possible but the requirement on the toroidal field strength is severe.
As the surface power flux increases further, the curve corresponding to Hfac = 1.5
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approaches the point where the magnetic field is minimised (fβ = 2/3 and ξ0 = 1).
However, for the case considered here, it does not quite reach this point as the kink
stability requirement restricts access to this region, as shown in the top left sub-figure
of Figure (4.5). Instead, the optimum point moves along the line corresponding to
qa = 2.2. As the line of Hfac = 1.5 moves further in the direction of increasing fβ the
magnetic field is minimised at the intersection of the qa = 2.2 and fβ = 2/3 curves, as
shown in the bottom two sub-figures of Figure (4.5). As the surface power flux is in-
creased further the region of kink instability expands due to the increasing beam driven
current and the optimum beam injection angle is reduced to compensate.
Finally, when the surface power flux reaches Γth = 1.08MW m
−2 the optimum plasma
conditions change to those that maximise the beam driven fusion power output (nT =
ni). The corresponding drop in the target plasma density and increase in the temper-
ature leads to an increase in the beam driven current, hence the discontinuities shown
in Figure (4.6).
As is typical of multi-parameter optimisations, there exists no single best design point
and some level of concession must always be made. This being the case, there does
appear to be a favourable point where the confinement enhancement factors first drop
below 1.5. For surface power fluxes below this point the rapid change in the magnetic
field would negate any benefits of lowering Γth. Of course, this assumes stable operation
at this moderately high Γth is possible. At this current time, the maximum Γth at which
a device can stably operate is unknown so little comment can be made. Of the proposed
devices summarised in Table (4.1) Γth varies between 0.71→ 1.93MW m−2. Increasing
the surface power flux beyond this point reduces the magnetic field and the confinement
enhancement factors. The reduction in the magnetic field is only slight and the main
benefit of operating at higher Γth would be the reduction in the required confinement.
At a given Hfac Figure (4.6) specifies the minimum Γth above which the device should
operate.
4.3.5 Size dependence
In this section the dependence on device size is investigated. The optimisation is applied
at various major radii in the range R0 = 1.16−2.6m. The minimum radius is set by the
maximum inverse aspect ratio, taken here as  = 0.6. The maximum radius is less rigor-
ously defined and is limited by both the plasma pressure and the thermal power density.
For a fixed surface power flux, the thermal power density is approximately proportional
to the major radius, as shown in Figure (4.3). The maximum thermal power density
was taken as Pthermal = 5MW m
−3. Of the devices shown in Table (4.1), three - Vulcan,
UK-ST-CTF and FNS-ST - are designed to operate at higher power densities, however,
they are all compact devices, R0 < 1.2m. This Pthermal limit reduces the maximum
surface power flux as R0 is increased.
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With increasing R0 the minimum surface power flux is determined by the maximum
plasma pressure, which was taken as p(βB2) = 2. One of the devices shown in Table
(4.1) - FNSF-AT III - operates at a higher pressure, however, this design point is con-
sidered particularly optimistic and represents a highly advanced operating regime. The
inverse dependence of the plasma volume on R0, shown in Figure (4.2), means the re-
quired fusion power density and the necessary plasma pressure are increasing functions
of R0. This dependence can also be shown by noting that, for a fixed Γth, as Qf , and,
therefore p2/Pthermal, are independent of R0, it follows that p ∝ P 1/2thermal ∝ R1/20 . This
reduction of the possible range of surface power fluxes over which the device can operate
dictates the maximum major radius investigated.
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At a given major radius there exists a range of confinement enhancement factors
that cannot be accessed while operating under optimal conditions. As shown in Figure
(4.6), at the boundary between the mixed and pure tritium target plasma regimes the
confinement enhancement factors drop. The confinement enhancement factors before
and after this discontinuity are shown in Figure (4.7) where the inaccessible region lies
between the two curves.
When applying the Petty confinement scalings the required confinement enhancement
in the pure tritium regime are consistently Hfac < 1 and, as a result, the pure tritium
regime cannot be accessed without taking steps to spoil the confinement. When apply-
ing the ITER scaling the confinement enhancement factors are consistently higher and
the pure tritium regime can be accessed with Hfac > 1, but only over a limited range of
R0.
Figure (4.8) and Figure (4.9) show several optimum parameters for the cases where the
Petty and ITER confinement time scalings are applied. The gaps appearing in the data
sets are due to the inaccessible confinement enhancement factors, shown in Figure (4.7).
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Figure 4.8: The optimum device parameters as a function of major radius when optimising
with the Petty confinement scaling. In the top left sub-figure the triangle makers indicate the
toroidal magnetic field and the circles the plasma current.
1.0 1.5 2.0 2.5
B
T
0
(T
)
or
I p
(M
A
)
2
4
6
8
10
R0(m)
1.0 1.5 2.0 2.5
P
b(
M
W
)
30
40
50
60
R0(m)
1.0 1.5 2.0 2.5
Q
1
1.5
2
2.5
HITER98
1.5
1.4
1.3
1.2
1.1
1.0
Figure 4.9: The optimum device parameters as a function of major radius when optimising
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toroidal magnetic field and the circles the plasma current.
The optimal plasma current and toroidal magnetic field only differ slightly for the
Petty and ITER confinement optimisations and are also only weakly dependent on
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Hfac. The most notable difference between the confinement optimisations is the exter-
nally applied beam power, which is consistently higher when under the ITER scaling
and varies considerably as a function of Hfac. Of the optimum parameters, perhaps the
most important is the bulk tritium concentration, plotted as a function of major radius
and confinement in Figure (4.10). Under the ITER scaling the optimal bulk tritium
composition is consistently higher than the equivalent Petty scaling case.
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The choice of R0 will likely be dictated by the achievable magnetic field, the expected
level of confinement and the externally applied beam power. The required toroidal field
is approximately proportional to the device size, while the externally applied heating
power, for the most part, decreases with increasing R0. Improving confinement was
found to reduce the amount of external heating power needed, thus raising the overall
energy gain of the device and reducing the optimal bulk tritium concentration. The
power flowing to the divertor decreases approximately linearly with increasing R0 and
differs approximately 10MW m−1 between the lowest and highest confinement cases.
The highest divertor power load was found to be ∆div = 55MW m
−1 and is within the
range of the devices considered in Table (4.1).
For the design point chosen there appears to be little advantage to operating at larger
R0. Although the plasma energy gain is maximised at large R0, the considerably larger
BT0 required would likely result in a reduction in the net energy gain and a higher cost
per neutron. The reduction in the bulk tritium concentration with increasing R0 is not
substantial and would likely not justify the reduced neutron production efficiency. For
small R0 the toroidal field is comparable to or lower than that of the devices reviewed
in Table (4.1), while the externally applied power is of a similar level, suggesting that
this optimum design point is accessible.
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4.4 Summary
In this Chapter a high power density device design procedure, based on the optimal
plasma conditions derived in Chapter 3, was presented. For a specified first wall neu-
tron flux and total fusion power output the range of possible plasma geometries was
found using an empirically derived vertical stability limit that allowed the plasma elon-
gation to be expressed as a function of the inverse aspect ratio. Introducing restrictions
on the surface power flux escaping the plasma determined the optimal plasma condi-
tions. The plasma temperature, bulk tritium concentration and energy multiplication
factor were all found to be independent of the device size and a function of the surface
power flux only.
The range of machine parameters over which the plasma conditions could be achieved
was determined by introducing the Sykes-Troyon beta limit and imposing the require-
ment that the plasma current be driven entirely non-inductively. The device was then
optimised within this potential operating range by applying further stability limits. As
the current is entirely non-inductive and the externally applied heating/current drive
power is fixed the optimum point was taken as that which minimised the toroidal mag-
netic field.
As a representative example the model was used to optimise a device with a first
wall neutron flux of 1MW m−2 and total fusion power output of 75MW. It was found
that there exists a minimum practical level of externally applied power above which
the device should operate. For the case considered this power was between 40− 70MW
and could be reduced by improving the confinement. For powers below this a large
toroidal field was needed to achieve the necessary confinement. When operating at this
minimum external power the toroidal field was found to be almost directly proportional
to the major radius and only weakly dependent on the level of confinement. The exter-
nally applied power was, for the most part, a decreasing function of device size, with the
energy multiplication and, therefore, bulk tritium concentration also scaling favourably
with increasing size. However, the increase in the plasma energy gain would likely be
nullified by the increased power needed to generate the toroidal field, resulting in a drop
in the net energy gain and a higher cost per neutron. This suggests that of the range
of possible device sizes the most compact is best suited to high power density appli-
cations. For the design point considered the smallest size considered was R0 = 1.16m
with corresponding  = 0.6. At this size the toroidal field and divertor power loading
were comparable or less than that of other proposed devices suggesting the design point
is accessible. The full list of device parameters for a R0 = 1.16m device are shown, for
reference, in Table (4.2).
For the design point considered, the optimum plasma conditions were predominantly
those that allowed for contributions to Pf from both beam-on-bulk and thermonu-
110 Chapter 4. High power density device optimisation
Parameter HITER = 1.5 HPetty = 1.5
R0(m)/a(m) 1.16/0.70 1.16/0.70
 0.6 0.6
κ/δ 2.85/0.5 2.85/0.5
S(m2) 60.3 60.3
V (m3) 30.2 30.2
BT0(T) 2.11 2.05
Ip(MA) 9.12 8.86
PfV (MW) 75 75
PextV (MW) 41.4 38.1
Pthermal (MW m
−3) 1.84 1.74
PthermalV/S (MW m
−2) 0.92 0.87
∆div (MW m
−1) 47.9 45.2
Γn (MW m
−2) 1 1
Qf 1.81 1.97
H98 1.50 1.62
τE(ms) 36.5 39.5
T e(keV) 10.1 10.2
ne(10
20m−3) 1.41 1.42
nT /ni 0.69 0.66
fbs(%) 54 65
βN 4.7 5.1
βT (%) 29.3 31.5
p(βB2) 1.30 1.32
qa 2.2 2.2
Table 4.2: The optimum device parameters for the operational point PfV = 75MW and Γn =
1MW m−2.
clear reactions with nT /ni < 0.84. Accessing the beam dominated regime (nT /ni =
1) required external powers > 65MW and the lowest levels of confinement. Both
the ITERH-98P(y,2) and Petty2008 confinement time scalings were applied with the
Petty2008 scaling found to be universally more favourable as it allowed for lower ap-
plied beam powers.
The results presented here and in the previous Chapter combine to form a novel
high power density device design procedure. One of the primary advantages of this
approach is that it significantly simplifies what would otherwise be a baﬄing search for
the optimum reactor configuration. This allows regions of particular interest to high
power density operation to be identified upon which a more sophisticated device design
could be based.
5 The isothermal tokamak
The isothermal tokamak, where the radial temperature profiles of all species, s, are flat,
∇Ts = 0 (5.1)
represents, in many ways, the optimal toroidal confinement scheme. In the absence of
temperature gradients the plasma is much closer to thermodynamic equilibrium and the
energy confinement is governed by diffusive particle transport, rather than the much
faster ion thermal conduction. The plasma is inherently stable against some of the
most damaging micro-instabilities - those driven by temperature gradients, and the flat
temperature profiles mean fusion can occur over the entire plasma volume.
While the isothermal state has not yet been experimentally realised, a number of
experiments have displayed relatively flat temperature profiles across part of the minor
radius [106], with recent results from the Lithium Tokamak eXperiment (LTX) demon-
strating almost entirely flat temperature profiles across the majority of the poloidal
cross section [107]. A precondition for isothermal operation is the removal of particle
recycling at the plasma boundary [108]. In the absence of recycling the cold particle
source at the plasma edge is removed and the edge temperature approaches that of the
core. Currently, the most widely considered technique for controlling particle recycling
is to coat the plasma facing components (namely the divertor strike plates in diverted
plasmas) with a thin layer of solid or liquid lithium. Lithium has excellent hydrogen
retention properties [109] and employing a flowing lithium boundary would allow for
continual pumping of the edge plasma. Full or partial Lithium coating of the plasma
facing components has already been employed on CDX-U [110], LTX [111], NSTX [112]
and EAST [113], with some notable results including a 6 fold increase in the measured
confinement time on CDX-U [110] and sustained H-mode operation with only small edge
localised disruptions on EAST [113].
The limiting case of ∇T = 0 is considered by Catto and Hazeltine in [114] and it
is demonstrated that the isothermal tokamak is characterised by a unique, analytic
equilibrium. In the low collisionality (banana) regime, near exact rigidly toroidally ro-
tating Maxwellian solutions exist for both the ion and electron distribution functions.
Ion-electron friction introduces higher order corrections to these rotating Maxwellian
solutions and, on account of their lower mass, this friction predominantly acts to mod-
ify the electron distribution. However by applying specially tailored momentum sources
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it was demonstrated that the Maxwellian distributions can be maintained as exact so-
lutions to the gyro-averaged ion and electron kinetic equations. Although practically
challenging, the benefits of such equilibrium tailoring would be substantial. As the
guiding centre distributions remain Maxwellian there is no neoclassical transport and
the non-anomalous collisional particle and energy fluxes are reduced to the classical level.
The isothermal equilibrium was also shown to be characterised by a self-driven toroidal
current that results from the rigid body rotation. This current can be non-vanishing on
the magnetic axis, making the isothermal tokamak particularly amenable to steady-state
operation. A further appealing characteristic is a density profile that decays exponen-
tially with poloidal flux, minimising contact with the first wall or limiter. The isothermal
state, therefore, represents an ideal tokamak reference and presents an attractive option
for efficient neutron production and electrical power generation. It is also particularly
attractive from a modelling perspective, as, compared to the conventional ∇T 6= 0 case,
a surprisingly detailed model can be derived analytically.
It is the focus of this Chapter to investigate the ideal isothermal state further. The
remainder of the Chapter is structured as follows: firstly the equilibrium proposed in
[114] is reviewed and extended to include multi-ion species plasmas. Next, analytic so-
lutions to the isothermal Grad-Shafranov equation are derived in the large aspect ratio
limit. This yields the radial particle and current density profiles and fully characterises
the MHD equilibrium. Here, the Grad-Shafranov equation is also solved in the absence
of the specially applied momentum sources; the derived equilibrium is analogous to
that of an isothermal bootstrap current driven tokamak. Finally the external sources of
particles and energy necessary to establish a transport equilibrium are determined. As
well as applying a classical transport model an anomalous transport model is derived
to account for the possible effects of turbulent transport as, although the isothermal
tokamak is inherently stable against temperature gradient driven instabilities, it is still
susceptible to density (and current) gradient driven modes.
The resulting radial density profiles are found to be notably different from those
of conventional, high recycling devices, being strongly peaked on the magnetic axis.
When applying the classical and anomalous transport models it is demonstrated that
simultaneous solutions to the Grad-Shafranov and transport equilibria only exist for
relatively shallow density profiles. For steeper profiles a non-physical particle sink is
required to maintain the density profile. In light of these limitations, the applicability
of the isothermal equilibrium as an ideal tokamak reference appears limited.
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5.1 Characteristics of the isothermal state
Without edge recycling, which in the conventional case accounts for a significant fraction
of the total particle source, the plasma density must be maintain entirely by external
sources. A natural choice for this source is neutral beam injection as it also heats the
plasma and, as shown in previous Chapters, can significantly increase the fusion power
output.
In its purest form, where the only external source of energy and particles is the neutral
beam, the isothermal tokamak is characterised by two unique relations relating the
plasma temperature and beam injection energy, and the particle and energy confinement
times [115, 116]. In the absence of recycling there is a single, known source of both
particles and energy: the neutral beam, and the plasma temperature is directly related
to the neutral beam injection energy,
W0 ' 5
2
(Ti + Te). (5.2)
Achieving high plasma temperatures is, therefore, significantly easier than in the con-
ventional, high recycling case, where temperature gradients drive a radial heat flux,
reducing the core temperature and the overall thermal energy content of the plasma.
An illustrative example of a conventional, high recycling tokamak is shown in Figure
(5.1).
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Figure 5.1: An illustrative example of a conventional, high recycling tokamak plasma. The cold
neutral particle source at the plasma boundary reduces the edge temperature, establishing steep
radial temperature gradients while maintaining a relatively flat density profile. The radial energy
transport is dominated by turbulent thermal conduction and the plasma temperature is limited.
In the conventional ∇T 6= 0 case the radial heat flux associated with neoclassical
ion thermal-conduction is proportional to ∇T and exceeds that of all other collisional
transport processes by a factor of (mi/me)
1/2. In the isothermal limit, the absence
of temperature gradients means the plasma energy transport is determined by particle
diffusion rather than thermal conduction and, as a result, the confinement of energy and
particles is intrinsically linked. For a volume averaged particle source, S, the particle
confinement time may be defined as τp = n/S, where n is the volume averaged density.
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In equilibrium, the energy confinement time, τE , may be written simply as,
τE =
3
5
τp. (5.3)
An illustration of the isothermal case is shown in Figure (5.2).
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Figure 5.2: An illustrative example of an isothermal tokamak. In the absence of recycling the
edge temperature approaches that of the core and the density profile is peaked. Energy transport
is driven by particle diffusion and the plasma temperature is directly related to the beam injection
energy.
A brief note on the origins of this Chapter
The original motivation for this chapter was to develop a self-consistent model of a
neutral beam driven tokamak plasma. In doing so it quickly became apparent that
self-consistency would not come easily and a number of concessions would have to be
made. However, upon discovering the isothermal tokamak, with its analytic equilib-
rium; simplified relation between beam and thermal plasma energy, and the coupling of
energy and particle confinement; it appeared that a self-consistent model could again
be derived.
5.2 Isothermal equilibrium
In this section an analytic model of the isothermal equilibrium is presented. Relevant
results from [114] are reviewed with multi-ion species plasmas then considered. The
isothermal Grad-Shafranov equation is then introduced and analytic solutions given.
5.2.1 Ion and electron equilibrium
Ion and electron equilibrium in the isothermal limit is discussed in detail for a single ion
species plasma by Catto and Hazeltine in [114]. Key results required to characterise the
isothermal state are reproduced here and extensions of the work to include multi-ion
species plasmas are discussed.
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Considering first a single ion species plasma, in an axisymmetric, isothermal system
the ion distribution function, fi, satisfies the steady-state kinetic equation,
v · ∇fi + Zie
mi
(−∇Φ + v ×B) · ∂fi
∂v
= Cii(fi), (5.4)
where Cii(fi) is the ion-ion self-collision operator and the electric field is expressed in
terms of the electrostatic potential, E = −∇Φ. In deriving the above kinetic equa-
tion certain approximations have been used. Firstly, the contribution to the total ion
collision operator due to ion-electron collisions, Cie(fi), is ignored, as Cie is of the or-
der
√
me/mi smaller than Cii [117]. Contributions due to external sources of heating
or momentum, principally neutral beam injection, are also neglected as their ordering
is comparable to Cie. The electric field is assumed to be electrostatic and any time
variation associated with micro-instabilities is also ignored. While the plasma is in-
herently stable against temperature gradient driven instabilities, such as the ion and
electron temperature gradient modes (ITG and ETG) and micro-tearing modes [52], it
is still susceptible to density and current gradient driven modes, such as the trapped
electron mode (TEM) [118]. However, the time scales on which such modes act are
shorter than that considered by the kinetic equation. The effects of turbulent fluctua-
tions are determined later when considering the radial transport of particles and energy.
The solution to Equation (5.4) is a moving Maxwellian,
fi = pi
−3/2niv−3th,i exp
[
−m(v − V i)
2
2Ti
]
, (5.5)
rotating with a constant toroidal angular frequency, ωi, and corresponding toroidal flow
velocity
V i = ωiR
2∇φ, (5.6)
where R∇φ is the toroidal unit vector and R is the major radius. The angular frequency,
ωi, is found by considering the forces acting on the ions, which, in an axisymmetric,
isothermal plasma, are: the magnetic force, ZieniV i ×B = Zieniωi∇ψ, where ψ is the
poloidal flux function; the electrostatic force, Zieni∇Φ; and the (isothermal) pressure
gradient, ∇p = Ti∇ni. Ion-electron collisional friction is neglected as it is of order
Cie, and so is the centripetal force, −nimiω2iR∇R, as the rotational speed is assumed
small compared to the ion thermal speed, Vi  vth,i. Ion equilibrium is, therefore,
characterised by the force balance equation,
Zieni (∇Φ + ωi∇ψ) + Ti∇ni = 0, (5.7)
giving the toroidal angular rotation frequency as,
ωi = −dΦ
dψ
− Ti
Zieni
dni
dψ
, (5.8)
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which contains the usual electrostatic and diamagnetic components.
The electron distribution can be constructed using the electron equivalent of Equation
(5.4), where the relevant charge and mass substitutions are made and the ion-ion self-
collision operator is replaced with the electron equivalent, Cee. Unsurprisingly, fe has
a form analogous to Equation (5.5), with toroidal flow velocity,
V 0e = ωeR
2∇φ. (5.9)
The electron flow velocity is denoted with a 0 subscript as, unlike the ion counterpart,
the toroidally rotating solution does not completely describe the electron flow as it ne-
glects electron-ion friction, which, for electrons, is comparable to Cee. Additionally, any
external momentum sources, while consistently neglected when considering the ions, are
of the same order as Cee and should be accounted for in the electron kinetic equation.
Corrections to the distributions are discussed in [114] and found to be small, with the
electron equilibrium shown here remaining valid at lowest order. However, higher order
contributions to the electron flow can have a significant effect on the equilibrium, and
are discussed in more detail in Section 5.2.2.
To lowest order, the electron force equilibrium is described by,
− ene (∇Φ + ωe∇ψ) + Te∇ne = 0, (5.10)
with corresponding toroidal angular frequency,
ωe = −dΦ
dψ
+
Te
ene
dne
dψ
. (5.11)
Multi-ion species plasmas
The multi-ion species case requires further consideration. Collisions between unlike-ion
species can have a significant effect on the particle dynamics. For collisions between
unlike-ion species i and j, the collision operator, Cij , is of the same order as Cii and,
therefore, can not be consistently neglected. The additional friction resulting from
unlike-ion species collisions must also be accounted for when considering the ion force
balance. The effects of unlike-ion species collisions are discussed by Connor in [119].
In a single ion species plasma the conservation of momentum implies that the ion
and electron diffusion rates be ambipolar [120]. In a multi-ion species plasma, while it
remains true that the net ion and electron radial flows are ambipolar, the additional
ion species allows for momentum conservation without the need for the individual ion
species and electron flow rates to be comparable as the ions can flow in radially op-
posing directions. Since the friction between unlike-ion species generally exceeds the
ion-electron friction by (mi/me)
1/2 the ion diffusion rate is correspondingly greater
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than that of the electrons by the same factor.
This rapid diffusion persists until the ion density profiles relax to reduce the ion-
ion friction to the level of the ion-electron friction, where it may again be consistently
neglected. As the unlike-ion species friction is related to the difference in the ion toroidal
flow velocities, V i−V j , this condition requires the ion toroidal flow speeds to be equal.
Using Equation (5.6) and Equation (5.8) this implies,
T1
Z1n1
dn1
dψ
=
T2
Z2n2
dn2
dψ
, (5.12)
where the subscripts denote separate ion species. This condition is valid for any number
of unlike-ion species. Due to the rapid ion diffusion that arises when this condition is
not met, it is likely that when operating in steady-state the ion density profiles would
adjust to satisfy Equation (5.12), providing there are no significant external momentum
sources to counteract the effects of unlike-ion species friction and drive the ion rotational
velocities apart.
5.2.2 Density and current profiles
Considering again a single ion species of charge Zi = 1, such that ni = ne, the ion
and electron equilibria, Equation (5.7) and Equation (5.10), must satisfy the isothermal
force balance condition,
− ene(ωi − ωe)∇ψ = (Ti + Te)∇ne, (5.13)
where the left hand side is the j × B force and the right hand side is the isothermal
pressure gradient.
The isothermal force balance equation, Equation (5.13), can be solved for the density
[114], giving,
n(ψ) = n0 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ
]
, (5.14)
where n0 is the density on the magnetic axis. This reveals one of the notable char-
acteristics of the isothermal tokamak: a density, and therefore pressure profile, that
decays exponentially with poloidal flux, minimising plasma contact with the first wall
or limiter. Using the quasi-neutrality condition and considering only singly charged ion
species (D and T) the multi-ion species equivalent of Equation (5.13) may be written
ene (ωi − ωe)∇ψ + (Te + T1)∇ne + (T2 − T1)∇n2 = 0, (5.15)
where the subscripts 1 and 2 denote the different ion species and, using Equation (5.12),
it is noted that ω1 = ω2 = ωi. For T1 = T2 this expression reduces to the single ion
species equivalent and the density profiles of both ion species are given by Equation
118 Chapter 5. The isothermal tokamak
(5.14). For T1 6= T2 no unique solutions for the ion and electron density profiles exist
and the density profiles can not be determined. When the ion masses are comparable,
as is the case in a deuterium-tritium plasma, the thermal equipartition time is short
and, unless actively driven apart, the species temperatures will be equal.
As noted earlier, the toroidally rotating solution does not fully describe the electron
equilibrium. Ion-electron collisions, external sources of momentum and applied elec-
tric fields introduce corrections to the electron flow both parallel and perpendicular to
the magnetic field. Ion-electron collisions act to minimise the friction between the two
species and drag the electron and ion parallel flows together. As the ions have a far
greater inertia, this frictional drag acts almost entirely on the electron velocity, with the
ion parallel velocity remaining unaffected, hence the toroidally rotating ion equilibrium,
Equation (5.7), is deemed to be exact. The correction to the electron parallel flow is
denoted by, V 1e = V1ebˆ, and is comparable to ωeR. The perpendicular correction is
small and may be consistently neglected.
The isothermal current density is therefore given by
j = en(ωi − ωe)R2∇φ− benV1e. (5.16)
The first term is a self-driven, diamagnetic, toroidal current and, in the absence of ion-
electron collisions, external momentum sources and applied electric fields, completely
represents the equilibrium current. The second term represents a reduction in the cur-
rent due to corrections to the parallel electron flow.
Now that the necessary results have been reviewed and multi-ion species extensions
discussed, the isothermal state is further characterised by determining the radial vari-
ation of the poloidal flux function, ψ. This allows the radial profiles expressed as a
function of poloidal flux to be expressed in terms of the minor radius, r. This further
allows the sources of particles and heat required to maintain the isothermal state to be
determined.
5.2.3 Analytic solutions to the isothermal Grad-Shafranov equation
Now that previous results have been reviewed and extended to include multi-ion species
plasmas the isothermal equilibrium is further developed by deriving analytic solutions
to the isothermal Grad-Shafranov equation. The equilibrium poloidal flux configuration
that satisfies the isothermal force balance, Equation (5.13), is found by considering the
isothermal Grad-Shafranov equation,
µ0en(ψ)
[
(ωi − ωe)− IV1e
BR2
]
= ∇ · (R−2∇ψ) , (5.17)
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where I/R is the magnitude of the toroidal component of the magnetic field. For a
detailed derivation of the Grad-Shafranov equation, see Appendix - A.1.
In general, solving the Grad-Shafranov equation requires a numerical approach. How-
ever, in the large aspect ratio ( 1), isothermal limit analytic solutions exist.
At large aspect ratio the flux surfaces are approximately circular and the major radius
may be expressed as a function of the poloidal angle, θ as R = R0 +r cos θ. The poloidal
flux function, ψ, is expanded in orders of ,
ψ = ψ0(r) + ψ1(r, θ) + . . . . (5.18)
Under this expansion the lowest order component of the right hand side of the Grad-
Shafranov equation, Equation (5.17), reduces to,
∇ · (R−20 ∇ψ) = 1R20 1r ddr
(
r
dψ0
dr
)
. (5.19)
The left hand side of Equation (5.17) requires further comment. When considering the
full ion and electron kinetic equations, unlike species collisions, non-electrostatic electric
fields and external momentum sources introduce higher order corrections to the particle
distribution functions. By introducing specially tailored momentum sources and sinks it
is possible to remove the gyrophase-independent corrections, such that both the ions and
electrons form drifting Maxwellian distributions with only small gyrophase-dependent
corrections [114]. These momentum sources and sinks serve to cancel out the additional
terms that appear when considering the full kinetic equation, namely those resulting
from unlike species collisions and applied electric fields.
In practice, providing the necessary momentum tailoring would present a significant
challenge, however, the benefits would be substantial. Since it is the higher order con-
tributions to the distribution functions that drive neoclassical transport, in the absence
of such contributions there will be no such transport. There will still be some radial
transport associated with the gyrophase-dependent part of the distribution functions,
however it is comparatively small, on the order of classical particle and energy transport
and the classical pinch [53, p 92].
If the necessary momentum sources and sinks are introduced, the higher order cor-
rection to the electron flow velocity, V1e, vanishes and the plasma current is given by
the first term in Equation (5.16). The lowest order Grad-Shafranov equation reduces
to,
1
r
d
dr
(
r
dψ0
dr
)
= µ0e (ωi − ωe)R20n0 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ0
]
, (5.20)
where Equation (5.14) was used to substitute for the density profile. Performing the
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derivatives yields a second order non-linear differential equation for ψ0,
r2
d2ψ0
dr2
+ r
dψ0
dr
= µ0e (ωi − ωe)R20n0r2 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ0
]
. (5.21)
This 2nd order non-linear differential equation has the general form x2y′′xx + xy′x =
f(xneay), where the notation y′x and y′′xx represents, respectively, the first and second
order derivatives of y with respect to x. Upon making the transformation z = xneay,
w = xy′x, this 2nd order differential equation reduces to the first-order separable differ-
ential equation z(aw + n)w′z = f(z). Therefore, making the substitutions,
z = r2 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ0
]
, w = r
dψ0
dr
, (5.22)
Equation (5.21) reduces to a first order separable differential equation for w(z),
z
[
2− e(ωi − ωe)
(Ti + Te)
w
]
dw
dz
= µ0e (ωi − ωe)R20n0z. (5.23)
Solving by separation, evaluating the constant of integration at r = 0 where z = w = 0,
and substituting for w and z from Equation (5.22) yields a first order non-linear equation
in ψ0,
2r
dψ0
dr
− e(ωi − ωe)
(Ti + Te)
r2
2
(
dψ0
dr
)
= µ0e (ωi − ωe)R20n0r2 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ0
]
. (5.24)
This expression is solved for ψ0(x) to give,
ψ0(x) = 2
(Ti + Te)
e(ωi − ωe) ln
[
1 +
µ0n0
8(Ti + Te)
[
e (ωi − ωe) aR20
]2
x2
]
, (5.25)
where x = r/a, is the normalised minor radius and a = a/R0 is the inverse aspect ratio
at the plasma edge. Substituting for ψ0(x) into n(ψ), Equation (5.14), gives the density
profile as a function of the normalised minor radius:
n(x) = n0
(
1
1 + bx2
)2
, (5.26)
where, for ease of notation, the constant,
b =
µ0n0
8(Ti + Te)
[
e (ωi − ωe) aR20
]2
, (5.27)
is introduced and acts to determine the density profile steepness.
In the absence of the tailoring momentum sources the toroidal component of the first
order correction to the electron flow no longer vanishes and must be accounted for when
solving the isothermal Grad-Shafranov equation. In the absence of an applied electric
field the parallel current will be analogous to the ∇T = 0 limit of the conventional
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bootstrap current:
jb = −
1/2n
Bp
[
2.44(Ti + Te)
1
n
dn
dr
+∇T terms
]
bˆ. (5.28)
Substituting for the isothermal density profile, n(ψ), and noting that in the large aspect
ratio limit Bp ' (1/R0)(dψ0/ dr), the bootstrap current reduces to
jb(r) = 2.44
1/2e (ωi − ωe)R0n(r)bˆ. (5.29)
In the large aspect ratio limit the magnetic field is predominately toroidal, bˆ ·R∇φ ≈ 1,
and the parallel bootstrap and toroidal isothermal currents are approximately equiva-
lent,
j ·R∇φ = ne(ωi − ωe)R0 − neV1e
(
bˆ · ∇Rφ
)
' 2.441/2ne (ωi − ωe)R0, (5.30)
with the correction to the electron flow due to ion-electron friction, therefore, being:
V1e ' (ωi − ωe)R0
[
1− 2.441/2
]
. (5.31)
On the magnetic axis ( = 0) this higher order flow reduces the electron flow velocity to
that of the ions, V e = V i. This completely cancels the parallel current and the on-axis
current vanishes. For r > 0 there is a fraction of trapped electrons ∼ 1/2 which have
zero average velocity parallel to the field and, therefore, do not act to cancel the par-
allel current. In the absence of momentum tailoring the self-driven isothermal tokamak
loses one of its unique characteristics - the non-vanishing axial current. Ion-electron
friction acts to drag the two populations rotational velocities together, while trapped
particle effects limit the electrons motion for r > 0. The additional ion-electron friction
also introduces higher order corrections to the guiding centre distributions meaning the
neoclassical transport no longer vanishes.
Using the non-tailored current density profile, Equation (5.30), the lowest order Grad-
Shafranov equation becomes,
1
r
d
dr
(
r
dψ0
dr
)
= 2.44
(
r
R0
)1/2
µ0e (ωi − ωe)R20n0 exp
[
−e(ωi − ωe)
(Ti + Te)
ψ0
]
. (5.32)
Again, performing the derivatives on the left hand side, this expression has the general
form x2y′′xx + xy′x = f(xneay) and may be solved for ψ0(x) in the same manner as
Equation (5.21), to give,
ψ0(x) = 2
(Ti + Te)
e(ωi − ωe) ln
[
1 + 1.56
√
abx
5/2
]
, (5.33)
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with the corresponding density profile given by,
n(x) = n0
(
1
1 + 1.56
√
abx5/2
)2
. (5.34)
In summary, in the large aspect ratio limit, the density, lowest order poloidal flux
function and current density profiles, with and without equilibrium tailoring, are:
n(x) = n0
(
1
1 + fbxα
)2
(5.35)
ψ0(x) = 2
(Ti + Te)
e(ωi − ωe) ln [1 + fbx
α] (5.36)
j(x) ·R∇φ = gxβe (ωi − ωe)R0n0
(
1
1 + fbxα
)2
(5.37)
b =
µ0n0
8(Ti + Te)
[
e (ωi − ωe) aR20
]2
. (5.38)
Where, with equilibrium tailoring: α = 2, β = 0, f = 1 and g = 1; and without:
α = 5/2, β = 1/2, f = 1.56
√
a and g = 2.44
√
a, . The form of the isothermal density
profile allows the parameter, b, to be conveniently expressed as a function of the edge-
to-central density ratio, n(a)/n0, as b = (1/f)
[
(n(a)/n0)
−1/2 − 1
]
.
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Figure 5.3: Example density profiles.
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Figure 5.4: Example tailored (blue) and non-
tailored (red) toroidal current density profiles.
Both profiles are normalised to the on-axis tai-
lored current density jT0 = e(ωi − ωe)R0n0
Equations 5.35 through 5.38 define the isothermal equilibrium. The isothermal den-
sity profile differs significantly from that used in conventional modelling, where, for
example, a simple parabolic profile, n(x) = n0(1 − x2)Sn , where Sn ∼ 0.1 − 0.5, is
taken. A comparison between the tailored and non-tailored isothermal density profiles
and a simple parabolic profile is shown in Figure (5.3), with Figure (5.4) showing the
corresponding tailored and non-tailored isothermal current density profiles. As well as
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differing markedly from that of the conventional ∇T 6= 0 case, the equilibrium is also
entirely analytic.
In the large aspect ratio limit the following scalings: µ0j ∼ Bp/r and Bp ≈ BT0r/qR0;
can be used to show that,
b ∼ a
q2β0
, (5.39)
where, β0 = 2µ0p(r = 0)/B
2
T0, and is defined as the on-axis plasma beta. This ex-
pression highlights a potential limitation on the density profile steepness and, therefore,
the edge-to-central density ratio. For thermonuclear reactions, the fusion power scales
with the square of the volume averaged plasma pressure, Pf ∼ p2. For a fixed fusion
power output if the the edge-to-central density ratio is reduced (b increased) the central
beta, β0, must be increased to maintain a fixed volume average plasma pressure and a
fixed fusion power output. From Equation (5.39), this requires the safety factor, q, to
be reduced. As the safety factor determines the plasma stability against kink modes,
with a higher q being favourable, this indicates that optimising for performance requires
approaching the kink stability limit. This condition is most serve for the non-tailored
equilibrium where, compared to the tailored case, for a given n(a)/n0 a higher relative
toroidal rotational speed, (ωi − ωe)R0, and hence higher b, is required to steepen the
density profile due to the reduced central current, ∇p = jT ×Bp.
For the non-tailored equilibrium the vanishing on-axis current means additional ex-
ternal current drive is required to fill the hole left by the bootstrap current. As the
effects of such additional sources of momentum, which act predominately on the elec-
tron distribution, have not been consistently considered above, only the ideal tailored
isothermal state is considered further.
5.3 Maintaining the ideal isothermal equilibrium
Considering now only the ideal tailored equilibrium, in order to maintain both a flat
temperature profile and the isothermal equilibrium, described in detailed in Section 5.2,
it is necessary to introduce external sources that balance the radial transport of particles
and energy. The required sources per unit volume, S, are determined by considering
the radial continuity equations,
∂n
∂t
+∇r · 〈Γr〉 = Sparticles (5.40)
3
2
∂(nT )
∂t
+∇r · 〈Qr〉 = Senergy, (5.41)
where 〈Γr〉 and 〈Qr〉 are, respectively, the flux surface averaged particle and energy
fluxes. In steady-state and in the large aspect ratio limit (cylindrical geometry approx-
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imation) these equations reduce to,
1
r
∂
∂r
(r 〈Γr〉) = Sparticles (5.42)
1
r
∂
∂r
(r 〈Qr〉) = Senergy. (5.43)
Integrating over the poloidal cross section yields the source per unit toroidal length and
multiplying by 2piR0 gives the total source.
In order for the equilibrium to be maintainable, the sources of both particles and
energy must be non-negative across the entire poloidal cross-section. If there exist no
solutions such that Sparticles ≥ 0 and Sheat ≥ 0, then the ideal isothermal state can not
be maintained. In such as case, either a radial temperature gradient will be established
and/or the equilibrium will be modified such that the resulting fluxes are consistent
with the sources. For the ideal case this modification of the equilibrium would drive the
guiding centre distributions away from Maxwellian, thus driving significant additional
particle and energy fluxes.
5.3.1 Classical transport
The purpose of the applied momentum sources is to tailor the particle distributions
such that the higher order corrections to the guiding centre distributions vanish. In this
scenario the neoclassical fluxes also vanish and the transport reduces to the classical
level. The effect of a non-zero electric field on the ion and electron distributions is
accounted for by the applied momentum sources and sinks. Therefore, a non-zero
electric field will not alter the ion or electron equilibrium or the tailored Grad-Shafranov
equation, Equation (5.20), and the subsequently derived relations remain valid. The
associated radial particle flux is the same for ions and electrons and reduces to that
relating to classical collisional transport, Γclassical, [53, p 92] and the classical pinch,
Γpinch,
Γr = −(Ti + Te)
meω2ceτei
∇n− nET
RB2
∇ψ = Γclassical + Γpinch, (5.44)
where ET is the toroidal, non-electrostatic part of the electric field, ET = (E+∇Φ)·R∇φ;
the electron gyro-frequency is, ωce = eB/me; and τei is the electron-ion collision time.
The radial heat flux for species, s, is,
Qr,s = qr,s +
5
2
TsΓr (5.45)
and contains both the conductive, qr,s, and convective components. For the ions, the
form of the momentum source required to remove the gyro-phase independent kinetic
equation corrections means there is no radial conductive ion heat flux, qr,i = 0 [114] . For
the electrons there remains a radially inward conductive heat flux, qr,e = −(3/2)TeΓclassical.
The resulting ion and electron heat fluxes are therefore, Qr,i = (5/2)Ti (Γr) and Qr,e =
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TeΓ
classical + (5/2)TeΓ
pinch.
In the large aspect ratio limit the approximate form of the magnetic field and major
radius may be taken, B ≈ B0 and R ≈ R0. Making the relevant substitutions, the
particle and energy sources required to balance the transport due to the radial fluxes
can be calculated. The functional form of the particle and energy fluxes means it is only
necessary to consider the particle source when determining if the sources are everywhere
non-negative, as Sheat ∝ Sparticles. Considering first the case where no electric field is ap-
plied, the source required to balance Γclassical is proportional to
(
1− 4bx2) / (1 + bx2)6
and is plotted in Figure (5.5). This source becomes negative for values of x >
(
2
√
b
)−1
,
which, expressing in terms of the edge to central density ratio, gives the requirement
that, if the particle source is to be everywhere non-negative, n(a)/n0 ≥ 64%.
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Figure 5.5: Radial profiles of normalised density (blue) and the particle source required to
balance the classical flux, Sclassical, (red). Both profiles are normalised to on-axis values. A
particle sink is required for n(a)/n0 < 64%, therefore, only shallow density profiles are allowed.
For a non-zero electric field, the source required to balance the transport due to Γpinch
contains terms in ET and dET / dx. In steady-state the magnetic field is constant in time
and Faraday’s law implies ∇ × E = 0. In the large aspect ratio limit the toroidal
electric field is, therefore, ET = E0R0/R ≈ E0, being approximately constant over the
minor radius. Taking a radially constant electric field, the particle source required to
balance the pinch effect is non-negative for x ≥
(√
2b
)−1
. Therefore, in the range(
2
√
b
)−1
< x <
(√
2b
)−1
the particle source remains negative and the requirement
that n(a)/n0 ≥ 64% still applies, regardless of the strength of the applied electric field.
For n(a)/n0 < 64%, there exists no simultaneous solutions to the Grad-Shafranov
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equation and the classical transport equation. The Grad-Shafranov equation determines
the density gradient, dn/dx, which is then not consistent with the classical transport
equation as it results in a non-physical equilibrium condition, a particle sink. This re-
sult is a direct consequence of the unique form of the isothermal density profile. For a
conventional parabolic density profile, assuming Sn ≤ 1, the density gradient, dn/ dx, is
a continuously decreasing function of x, while for the isothermal case, even for modestly
peaked profiles, dn/ dx is peaked in the range 0 ≤ x ≤ 1.
While this high edge to central density ratio is certainly not favourable, it does not,
necessarily, reduce the appeal of the ideal isothermal state. Although the edge density
ratio is high, if the particle and energy fluxes are reduced to the classical level, the fluxes
across the last closed flux surface will be of the order 100W m−2. This is still consid-
erably lower than the ∼ 0.1 − 1MW m−2 typically seem on present day experiments.
However, when the edge temperature is high, as is the case in the isothermal tokamak,
a significant edge density means the energy density of the plasma in the region close
to the first wall is also high. Small scale disruptions, such as those due to so called
edge localised modes, expel plasma from the edge region and, as a result, a high energy
density could prove problematic.
5.3.2 Anomalous transport
Although the isothermal tokamak is inherently stable against temperature gradient
driven instabilities, such as the ITG, ETG and micro-tearing modes, it is still suscep-
tible to density (pressure) and current gradient driven modes. The most prominent of
these instabilities is the trapped electron mode (TEM). The TEM arises due to a desta-
bilisation of the electron drift wave caused by the trapped electron population. Particle
trapping introduces a non-adiabatic electron density perturbation that provides the in-
stability drive. The perturbation grows, with an associated growth rate γ, until the
resulting anomalous diffusion damps out any further growth and the mode saturates.
The TEM is further categorised as dissipative (DTEM) or collisionless (CTEM).
The dissipative mode arise due to collisional de-trapping of the electrons and requires
νeff  ωde, where ωde is the magnetic drift frequency. The collisionless mode results
from a resonance between the mode frequency, ω, and the bounce averaged magnetic
drift frequency, which in an axisymmetric torus is equivalent to a toroidal precession
with a characteristic frequency, 〈ωde〉 [121], and can be destabilised in the absence of
collisions, νeff  ωde. At reactor relevant temperatures (T = 10− 20keV) the TEM is
collisionless over the majority of the minor radius.
In this section an anomalous transport model for the radial particle and energy fluxes
driven by the collisionless trapped electron mode instability is derived. As in the pre-
vious section, where classical transport was investigated, the model is used to explore
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the conditions under which the Grad-Shafranov and transport equilibria can be simul-
taneously satisfied.
Recalling the definition of the anomalous flux
Γr = 〈δnδvr〉, (5.46)
the particle and energy sources needed to establish a transport equilibrium can be de-
termined. For an electrostatic perturbation, δφ, the perturbed velocity is given by the
E ×B velocity.
The perturbed potential is expressed as an infinite sum of Fourier components, of
amplitude, δˆφ, and wave number, k,
δφ =
∑
k
δφk =
∑
k
δˆφke
ik·d, (5.47)
where d is a general position vector and the wave number k, has components kx, ky
and kz. The component kz is directed along the magnetic field, ky is perpendicular to
the magnetic field and lies on a poloidal flux surface and kx is perpendicular to the
magnetic field and normal to the flux surface. The radial E ×B drift velocity due to
the kth component is, therefore,
δvr,k =
−
(
∇δφk × bˆ
)
r
B
= −iky
B
δφk. (5.48)
The gyro-averaged perturbed distribution function can be separated into an adiabatic
and a non-adiabatic component,
δfa = −eaδφ
Ta
FMa + gaJ0(za), (5.49)
where za = k⊥v⊥/ωca and J0 is the Bessel function of zero order. The adiabatic, or
Boltzmann, response to the perturbed electric potential is described in Section 2.2.5 and
produces no net transport as the resulting density perturbation and E×B velocity are
pi/2 out of phase. The anomalous transport is driven by the second term in Equation
(5.49), which, for TEM instabilities, arises due to the trapped electron population.
For the collisionless TEM, the non-adiabatic component is found by considering the
collisionless gyro-averaged kinetic equation of species, a,
iv||∇||ga + (ω − ωda) ga =
ea
Ta
J0 (za) (ω − ω∗a) δφFMa. (5.50)
The magnetic drift frequency is ωda = ky · vd, where vd is the magnetic drift velocity
given in Equation (2.23). Similarly, the diamagnetic drift velocity, v∗a, has an associated
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diamagnetic drift frequency, ω∗a = ky · v∗a, given by,
ω∗a = ky · 1
naB2
∇pa ×B = kyTa
eaBna
dna
dr
=
kyTa
eaBLna
, (5.51)
where the length scale of density variation is defined as,
Ln =
(
1
n
dn
dr
)−1
. (5.52)
The diamagnetic velocity arises due to the unbalance of particles on neighbouring Lar-
mor orbits resulting from a pressure gradient.
Since the Boltzmann part of the perturbed density is pi/2 out of phase with δvr it
does not contribute to the flux. Therefore, the electron particle flux can be expressed
as,
Γr = 〈δnδvr〉 = −
∑
ky
kyIm
〈∫
ge
δφ∗k
B
d3v
〉
, (5.53)
where δφ∗k is the complex conjugate of δφk. The fluctuation amplitude spectrum, δˆφk(k),
is determined by considering the perturbation saturation mechanisms. In general, this
requires detailed non-linear calculations using sophisticated computer codes, such as
the gyro-kinetic code GS2 [122]. However, before delving into such an approach it is
useful to develop simpler models to demonstrate the expected outcomes and parametric
scalings.
Before proceeding, it is convenient to introduce the ballooning formalism [123]. In the
ballooning formalism the structure of the mode along the magnetic field is defined by an
eigenvalue equation in which the periodic poloidal angle, denoted here as ζ = 0→ 2pi, is
mapped onto an infinite domain, θ = −∞→ +∞, yet equations maintain the same form
in θ as they did in ζ. This transformation allows the perturbation to be represented in
eikonal form, in which the parallel mode number remains finite and poloidal periodicity
is preserved.
Electron response
For the electrons, ze ∼ 0, and the kinetic equation reduces to,
iv||∇||ge + (ω − ωde) ge = −
e
Te
(ω − ω∗e) δφFMe. (5.54)
The non-adiabatic part of the perturbed distribution function, ge, has contributions
from both the trapped, gtre , and passing, g
p
e , electron populations. Due to their low
inertia the electrons flow rapidly along the magnetic field lines. The passing electron
dynamics are dominated by this rapid parallel motion allowing the second term on
the left hand side of Equation (5.54) to be neglected. The resulting non-adiabatic
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perturbation is, therefore, small, gpe ∼ (ω/k||vth,e)FMe  1, and, when compared to
the trapped particle contribution, can also be neglected. For the trapped electrons the
average parallel velocity is zero and the non-adiabatic component, gtre , must be retained.
It is, therefore, only necessary to consider the trapped population and, in doing so, the
first term in Equation (5.54) may be eliminated by taking the average over the bounce
motion, to give,
ge = − e
Te
(ω − ω∗e)
(ω − 〈ωde〉)〈δφ〉FMe, (5.55)
where the bounce average (not to be confused with the flux surface average) is defined
as,
〈A〉 =
∫
tr
dθA/|v|||
/∫
tr
dθ/|v|||
 , (5.56)
with the integrals taken over the trapped particle orbits. The bounce averaged pre-
cessional electron drift frequency, 〈ωde〉, is calculated in the large aspect ratio limit by
Connor et al in [121] as,
〈ωde〉 = kymev
2
2eBR
G(s, α, q, λ) = ω¯de
mev
2
2Te
, (5.57)
whereG(s, α, q, λ) is a numerical factor that depends on the quantities: α = −((2R/B2)p′q2;
the magnetic shear, s = rq′/q; the safety factor, q, and the adiabatic constant of motion,
λ = v2⊥B/v
2B0. The term,
ω¯de = ω∗e
Ln
R
G(s, α, q, λ), (5.58)
which is the energy independent part of the bounce average precessional electron drift
frequency, is also introduced as it will be of use later.
Ion response
For the ions, zi is finite and the Bessel function must be retained. The kinetic equation,
Equation (5.50), is solved by Connor et al in [124] and consists of a lowest order term
found by neglecting ion parallel motion (v|| = 0) and the ion drift frequency (ωdi = 0)
and a second order correction due to the ion parallel motion. The first order correction
does not contribute to the perturbed density as it is odd in v|| and, therefore, vanishes
upon integration over v||. The corresponding perturbed density is given as,
δni
ni
= −eδφ
Ti
+
eδφ
Ti
[
αδφ+
β
R2q2
d2
dθ2
δφ
]
, (5.59)
130 Chapter 5. The isothermal tokamak
where, neglecting the combined ion ∇B and curvature drift frequency by assuming
ωdi/ω  1, the factors α and β are given as
α =
mi
Ti
∞∫
0
v⊥dv⊥ [J0(zi)]2 exp
[
−miv
2
⊥
2Ti
](
− 1
ω
(ω − ω∗i)uZ(u)
)
(5.60)
β =
∞∫
0
v⊥dv⊥ [J0(zi)]2 exp
[
−miv
2
⊥
2Ti
]
(ω − ω∗i)
ω1
∂2
∂ω2
(uZ(u)) , (5.61)
where ω1 is the curvature drift frequency, the factor u = (ω/ω1)
1/2, and Z(u) is the
plasma dispersion relation, given in [125, p. 30]. Taking the asymptotic limit of ω1 → 0
the factors α and β reduce to
α =
(
ω − ω∗i
ω
)
I0(b)e
−b (5.62)
β = − Ti
mi
α
ω2
, (5.63)
where b = (k⊥ρi)2 is the normalised mode wavelength, the function I0 is the modified
Bessel function and k2⊥ = k
2
x + k
2
y. The perturbed ion density, therefore, reduces to:
δni
ni
= −eδφ
Ti
+
e
Ti
[
F (ω, b) δφ− Ti
mi
F (ω, b)
R2q2ω2
d2
dθ2
δφ
]
, (5.64)
where the function
F (ω, b) =
(
ω − ω∗i
ω
)
I0(b)e
−b =
(
ω + τω∗e
ω
)
I0(b)e
−b, (5.65)
is introduced and τ = Ti/Te.
Perturbed electrostatic potential, δφ, and shear damping
Equating the normalised ion and electron perturbed densities, δni/ni = δne/ne, and
invoking quasi-neutrality, ni = ne = n, yields the eigenvalue equation,
− eδφ
Ti
+
e
Ti
[
F (ω, b) δφ− Ti
mi
F (ω, b)
R2q2ω2
d2
dθ2
δφ
]
=
eδφ
Te
+
1
n
∫
tr
ged
3v, (5.66)
from which the form of the perturbed potential, δφ, and the mode growth rate, γ =
Im(ω), may be determined by considering Equation (5.66) perturbatively.
In ballooning space coordinates, the factor b may be expanded as b = b0(1 + s
2θ2),
where b0 = (kyρi)
2. Further expanding the mode frequency, ω = ω0 + δω1 + δω2 + . . .,
allows F (ω, b) to be expanded about ω0 and b0,
F (ω, b) = F (ω0, b0) +
∂F
∂b
b0s
2θ2 +
∂F
∂ω
δω, (5.67)
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where the differentials are evaluated at (ω0, b0). Finally, by expanding δφ = δφ0 +δφ1 +
δφ2 . . ., Equation (5.66) can be considered to increasing orders of perturbed quantities.
To lowest order, Equation (5.66) reduces to F (ω0, b0) = τ + 1. Substituting for
F (ω0, b0) from Equation (5.65) yields the lowest order dispersion relation,
ω0 =
I0(b0)e
−b0
(τ + 1− I0(b0)e−b0)ω∗e. (5.68)
Considering the next order yields a differential equation of Weber form for δφ0 with
eigenvalue δω1,
∂F
∂b
b0s
2θ2δφ0 +
∂F
∂ω
δω1δφ0 −
v2th,i
(Rqω0)
2
τ + 1
2
d2
dθ2
δφ0 = 0, (5.69)
and solutions:
δφ0 = δˆφ exp
[
i
σθ2
2
]
; σ2 = −
(
Rqω0
vth,i
)2 2b0s2
τ + 1
∂F
∂b
; δω1 = iσ
v2th,i
(Rqω0)
2
τ + 1
2
(
∂F
∂ω
)−1
,
(5.70)
where the thermal speed is taken as vth,i =
√
2Ti/mi. The positive eikonal form of the
perturbed potential, δφ ∼ exp [+i . . .], must be taken to ensure the wave damps with
an outgoing energy flux, as opposed to the converse, un-physical case where energy is
fed in from infinity [126]. Note, since ∂F/∂b < 0, the factor σ is real. The first order
mode frequency, δω1, is imaginary and, therefore, contributes to the mode growth rate.
As, ∂F/∂ω < 0, this first order imaginary frequency serves to damp the mode growth
and is often referred to as shear damping or outgoing wave damping [126],
γs = −
(
vth,i
Rqω0
)(
τ + 1
2
)1/2
b
1/2
0 s
(∣∣∣∣∂F∂b
∣∣∣∣)1/2(∣∣∣∣∂F∂ω
∣∣∣∣)−1 . (5.71)
For fixed values of q and s, this damping rate is a function of the mode wavelength
only, and is maximised at b0 ≈ 1. Although appearing to first order, this damping is
numerically weak and can be relegated to second order.
Growth Rate
From the first order dispersion relation, given by the solution to the Weber equation,
Equation (5.70), no mode growth is predicted and Equation (5.66) must be considered
to second order. Expressing Equation (5.69) as L(δφ0) = 0, where L is an operator
acting on δφ0, the second order eigenvalues equation becomes:
e
Ti
[
L (δφ1) + ∂F
∂ω
δω2δφ0
]
=
1
n
∫
tr
ged
3v. (5.72)
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Multiplying this expression by
∫
dθδφ0 and twice integrating by parts transfers the
operator L from δφ1 to δφ0 annihilating L (δφ1), to give,
e
Ti
δω2
∂F
∂ω
∞∫
−∞
dθδφ20 =
1
n
∫
tr
d3vge
∞∫
−∞
dθδφ0
 . (5.73)
Substituting for ge from Equation (5.55) and cancelling where possible gives,
δω2
∂F
∂ω
∞∫
−∞
dθδφ20 = −
τ
n
∫
tr
d3v
(ω0 − ω∗e)
(ω0 − 〈ωde〉)〈δφ0〉FMe
∞∫
−∞
dθδφ0
 . (5.74)
In evaluating the right hand side of this expression it is useful to express the integral
over velocity, d3v, in terms of the adiabatic constant of motion, λ = v2⊥B0/v
2B, and
the absolute velocity, v, using the transformation,
d3v = 2pi
v3
|v|||
B
B0
dvdλ, (5.75)
where |v||| = v
√
1− λB(θ)/B0, and in the large aspect ratio limit B(θ)/B0 = 1− cos θ.
Under this coordinate transformation Equation (5.74) becomes,
δω2
∂F
∂ω
∞∫
−∞
dθδφ20 = −
τ
n
∫
λ
∫
v
2piv2dvdλ
(ω0 − ω∗e)
(ω0 − 〈ωde〉)〈δφ0〉FMe
∞∫
−∞
dθ
δφ0(1−  cos θ)√
1− λ(1−  cos θ)
 .
(5.76)
In plasma with magnetic shear the factor, σ, is large and the perturbed potential is
highly oscillatory except in the region localised about θ = 0, therefore, in evaluating
the integral over θ the magnetic field is taken as, B(θ)/B0 ≈ 1− . Substituting for the
perturbed potential in Euler form from Equation (5.70) yields,
δω2
∂F
∂ω
δˆφ
2
0
∞∫
−∞
dθ
[
cos
(
σθ2
)
+ i sin
(
σθ2
)]
= − τ
n
∫
λ
∫
v
2piv2dvdλ
× (ω0 − ω∗e)
(ω0 − 〈ωde〉)〈δφ0〉FMe
(1− )√
1− λ(1− ) δˆφ0
∞∫
−∞
dθ
[
cos
(
σθ2
2
)
+ i sin
(
σθ2
2
)] ,
(5.77)
where the integrals are Fresnel integrals, defined in [127, p. 300] as,
C(z) =
z∫
0
cos
(pi
2
t2
)
dt; S(z) =
z∫
0
sin
(pi
2
t2
)
dt. (5.78)
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In the limit z →∞, the Fresnel integrals C(z)→ 1/2 and S(z)→ 1/2. As both cosx2
and sinx2 are even functions, the integrals can be evaluated to give,
δω2
∂F
∂ω
δˆφ0
√
pi
2σ
(1 + i) = − τ
n
∫
λ
∫
v
2piv2dvdλ
× (ω0 − ω∗e)
(ω0 − 〈ωde〉)〈δφ0〉FMe
(1− )√
1− λ(1− )
√
pi
σ
(1 + i)
)
. (5.79)
In the collisionless limit the TEM instability is driven by a resonance between the mode
frequency, ω, and the precessional toroidal drift frequency, ωde. As such,
1
(ω0 − 〈ωde〉) = ipiδ (ω0 − 〈ωde〉) . (5.80)
Changing coordinates from v → x = mev2/2Te and recalling that 〈ωde〉 = ω¯dex, allows
the integral over velocity to be evaluated
δˆφδω2
∂F
∂ω
= −iτ
√
2pi
(
ω0
ω¯de
)1/2 (ω0 − ω∗e)
ω¯de
exp
[
− ω0
ω¯de
]∫
λ
dλ〈δφ0〉 (1− )√
1− λ(1− )
 .
(5.81)
Introducing the trapping parameter
k2 =
1
2
(
1− λ

+ 1
)
, (5.82)
where, for trapped particles 0 < k2 < 1, allows the bounce averaged perturbed potential
to be evaluated, giving,
δω2
∂F
∂ω
= −iτ
√
2pi
(
ω0
ω¯de
)1/2 (ω0 − ω∗e)
ω¯de
exp
[
− ω0
ω¯de
]
×
√
pi
σ
√
2
4
∫
λ
dλ
(1− )
1− λ(1− ) (K(k))
−1
 , (5.83)
where only the real part of δφ0 was considered as γ = Im(ω) and K(k) is the complete
elliptical integral of first kind, a derivation of which is given in Appendix - A.2,
K(k) =
pi/2∫
0
du√
1− k2 sin2 u
. (5.84)
Finally, changing coordinates, λ → k, where dλ → −4kdk, and performing the inte-
gration over k yields the growth rate δω2. Strictly, ω¯de is a function of λ and therefore
k. However, as shown in [121], for relevant values of q and s, the function G(α, s, q, λ)
is only weakly dependent on λ and it is therefore taken as a constant. For constant ω¯de,
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the integral over k can be evaluated numerically, and is denoted by,
I() =
1∫
0
kdk
1− λ(k)(1− ) (K(k))
−1 , (5.85)
giving the final expression for the mode growth rate as,
γg = 2pi
3/2(1− )τ
√
1
σ
(
ω0
ω¯de
)1/2 (ω0 − ω∗e)
ω¯de
exp
[
− ω0
ω¯de
]
I()
(
∂F
∂ω
)−1
, (5.86)
which, combined with the shear damping rate, γs, describes the total mode growth,
which is denoted by γ = γg + γs.
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Figure 5.6: The total, γ, and self normalised, γ/max(γ), mode growth rates as a function of
b0 and R/Ln. For the case considered R = 2.5m, s = 1, q = 2 and Ti = Te = 10keV
The total, γ, and self-normalised, γ/max(γ), mode growth rates as a function of nor-
malised mode wavelength, b0, and normalised inverse length scale of density variation,
R/Ln, are shown in Figure (5.6). The mode is not universally unstable and there exists
a region of stability at low R/Ln and long mode wavelengths (low b0) where the damp-
ing due to magnetic shear is sufficient to suppress any instability growth. As the length
scale of density variation reduces and the density profile steepens the growth rate in-
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creases, as depicted in the top sub-figure of Figure (5.6). As the density profile steepens
the mode wavelength at which the growth rate is maximised decreases and a broader
range of wavelengths produce significant growth, as shown in the bottom sub-figure.
b0
0 20 40 60 80 100
ω
0
/
ω¯
d
e
0
0.5
1
1.5
2
2.5
3
R/Ln = 25
= 10
= 2.5
Figure 5.7: Nor-
malised resonant
electron energy,
ω0/ω¯de = mev
2/2Te,
as a function of b0 for
various values of R/Ln.
This dependence is understood by noting that in the collisionless limit the non-
adiabatic density perturbation, ge, only includes the contribution from the resonant
electrons. The CTEM is excited when a resonance between the mode frequency and
the precessional drift frequency occurs at ω0 = 〈ωde〉 = ω¯dex. The corresponding energy
of the resonant electrons is x = ω0/ω¯de. Values of this resonant energy as a func-
tion of b0 are shown in Figure (5.7) for various values of R/Ln. For shallow density
profiles the resonant electron energy reduces rapidly with increasing b0 and only low
energy electrons are resonant. These low energy electrons make very little contribution
to the mode growth as when performing the velocity space integral (d3v → v2dv) the
contribution from low energy electrons is suppressed. For steeper density gradients at
long wavelengths (low b0) only electrons in the high energy tail of the distribution are
resonant and the growth rate is maximised when b0  1.
Particle and energy fluxes
Now that the non-adiabatic part of the perturbed electron distribution, ge, and the form
of the perturbed electrostatic potential, δφ0, are known the particle and heat fluxes as-
sociated with the CTEM may be determined.
Following a similar procedure to that used to calculate the growth rate the particle
and energy fluxes are evaluated to give,
{Γ, Q} = −
∑
ky
kyn
e
B0Te
pi1/23/2
δˆφ
2
0
σ
(
ω0
ω¯de
)1/2 (ω0 − ω∗e)
ω¯de
exp
[
− ω0
ω¯de
]
I()
{
1,
(
ω0
ω¯de
)
Te
}
.
(5.87)
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Finally, in order to evaluate this expression an approximate form of the saturated per-
turbation amplitude must be taken. Using the mixing length assumption, where it is
assumed that the instability drive is removed when the perturbation gradients equal
that of the equilibrium gradients, this amplitude is taken as,
eδˆφ0k
Te
∼ 1
kyLn
. (5.88)
Particle and energy sources
Now that the particle and energy fluxes are known the form of the source profiles may be
determined using the expression for the particle and energy fluxes, Equation (5.87), and
the radial continuity equation, Equation (5.42). The form of the radial particle and en-
ergy source profiles for different values of the edge-to-central density ratio are plotted in
Figure (5.8). Similarly to the case where only classical radial transport was considered,
if the particle and energy fluxes are taken as those arising as a result of the CTEM insta-
bility it is again the case that consistent solutions to both the Grad-Shafranov equation
and transport equation only exist over a limited range of edge-to-central density ratios.
From Equation (5.87) it can be seen that the energy flux is a factor (ω0/ω¯de)Te larger
than the particle flux, and, as a result, the particle and energy source profiles differ.
Figure (5.8) shows that it is the particle flux that first becomes negative. As a result,
the transport equilibrium can only be maintained when n(a)/n0 ≥ 68%, a condition
slightly more severe than that found when considering classical transport.
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Figure 5.8: Radial profiles of normalised particle (blue) and energy (red) sources required to
establish a transport equilibrium and balance the anomalous fluxes resulting from the CTEM
instability
Close to the magnetic axis the plasma can enter the dissipative TEM regime where
the effects of collisions can no longer be consistently neglected. As such, the collisionless
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model derived here is not valid close to the axis. In this region, the assumption that the
perturbed potential, δφ0, is highly oscillatory except in the region localised about θ = 0
can also break down as both the magnetic shear, s, and safety factor, q, are minimised
at r = 0. To more accurately treat the region close to the magnetic axis a more rigorous,
computational approach is required. However, as the transport equilibrium first breaks
down at the plasma edge, where the derived transport model is most valid, such a
treatment of the interior region would not resolve the un-physical particle sink required
towards the plasma boundary.
5.4 Summary
In this Chapter a novel tokamak operating regime - the isothermal tokamak - where the
radial temperature profiles of all species are flat, was investigated. By considering the
limiting case of ∇T = 0 it was demonstrated in [114] that near exact, rigidly rotating
Maxwellian solutions exist for both the ion and electron distribution functions. Apply-
ing specially tailored sources of momentum, which cancel out the effects of ion-electron
friction, these rotating Maxwellians can be maintained as exact solutions to the ion
and electron kinetic equations. This unique equilibrium is characterised by a self-driven
toroidal current that is non-vanishing on the magnetic axis and a density profile that
decays exponentially with poloidal flux. The isothermal tokamak, therefore, appears to
represent an ideal reference point and an attractive option for both efficient neutron
and power production.
Starting with this ideal isothermal equilibrium, analytic solutions to the Grad-Shafranov
equation were found in the large aspect ratio limit. This, in turn, determined the radial
density and current profiles and fully characterised the isothermal MHD equilibrium.
The density and current profiles are notably different from those of the conventional
∇T 6= 0 case and, when considering just MHD equilibrium, can be highly peaked.
When the tailored momentum sources are applied, the rigid toroidal rotation produces
a self-driven plasma current which is non-vanishing on the magnetic axis. If these mo-
mentum sources are removed, ion-electron friction acts to drag the two species toroidal
velocities together and the self-driven current reduces to the isothermal equivalent of the
conventional bootstrap current, no longer displaying the favourable property of being
non-vanishing on the magnetic axis.
When expressed as a function of the normalised minor radius, x = r/a, the radial
density profile was found to be, n(x) = n0
(
1 + bx2
)−2
. Considering just the ideal case,
where the effects of ion-electron friction are removed, the parameter b determines the
edge-to-central density ratio, n(a)/n0, by b =
[
(n(a)/n0)
−1/2 − 1
]
. In the large aspect
ratio limit this parameter is related to the safety factor, q, and on-axis plasma beta,
β0, by b ∼ 1/q2β0. This scaling highlights a potential limitation on the density profile
steepness and, therefore, the edge-to-central density ratio. In a thermonuclear system,
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the fusion power scales as the square of the volume averaged plasma pressure, Pf ∼ p2.
Therefore, for a fixed fusion power output, as the edge-to-central density ratio is reduced
the central beta must be increased to maintain the volume averaged pressure. From
the scaling of b, this implies that the safety factor must be reduced. As q determines
the plasma stability against kink modes, increasing the density profile steepness requires
approaching the kink stability limit and this places limitations on the maximum density
profile steepness.
Further to this, the external sources of particles and energy needed to establish a
transport equilibrium and maintain the ideal isothermal state were also determined. In
doing so, further limitations on the steepness of the density profile were discovered. The
specially tailored external momentum sources act to oppose the effects of ion-electron
friction and remove any higher order corrections to the gyrophase-averaged particle
distribution function, such that both the ion and electron gyrophase-independent dis-
tributions remain Maxwellian with only small gyrophase-dependent corrections. In the
absence of these higher order terms the non-anomalous collisional radial transport re-
duces to the classical level. When applying the classical transport model simultaneous
solutions to the Grad-Shafranov and transport equilibria were found to only exist for
density profiles where n(a)/n0 ≥ 64%. For steeper profiles a non-physical particle sink
was required to maintain the density profile.
Although the isothermal state is inherently stable against temperature gradient driven
instabilities it is still susceptible to density and current gradient driven turbulence. To
examine the effects of turbulent fluctuations on the transport equilibrium a radial trans-
port model of the fluxes associated with the trapped electron mode (TEM) was derived
in the low collisionality limit. Magnetic shear was found to damp the instability growth
for long wavelength perturbations and/or shallow density gradients. In applying this
anomalous transport model it was found that the Grad-Shafranov and transport equilib-
ria could only be simultaneously satisfied when n(a)/n0 ≥ 68%, a condition marginally
more restrictive than that of the classical transport case.
In light of these limitations on the density profile steepness, the applicability of the
isothermal equilibrium as an ideal tokamak reference appears rather limited. This result,
however, should not be viewed as detracting from the benefits of low-recycling operation,
but rather serve to inform what is considered as the pinnacle of low-recycling operation.
6 Conclusions
This thesis focused on the potential application of nuclear fusion as a powerful source of
energetic neutrons. The work presented can be divided into two distinct sections. For
reactors designed for non-electrical applications, the crucial measure of performance
is the fusion power density, Pf , and not the net energy gain. In the first section,
the principles of maximising Pf in a confined plasma system were determined and the
results applied to a high Pf reactor design study. In the second section a novel tokamak
operating regime was investigated - the isothermal tokamak. The isothermal tokamak is
characterised by improved confinement and stability and presents an attractive option
for efficient neutron and power production in a compact device.
6.1 Maximising fusion power density
In a purely thermonuclear reactor the fusion power density is approximately related to
the plasma pressure by Pf ∼ p2 and is limited by the maximum pressure at which a
device can stably operate. At fixed pressure, Pf can be raised above the thermonuclear
level using neutral beam injection, where reactions between the fast beam and thermal
ions can account for a significant fraction of the total fusion power output.
In Chapter 3 the principles of maximising Pf in a confined plasma sustained by deu-
terium neutral beam injection were determined. Previous studies [23, 30] have shown
that when operating at fixed p the conditions for maximising Pf are markedly different
from those required for high gain operation. The maximum Pf increases as the bulk
plasma temperature is reduced and the corresponding optimal plasma confinement is
also reduced. This appears to represent a highly desirable scenario. However, a crucial
factor not previously considered, is the large increase in the applied beam power needed
to raise Pf . Restrictions imposed on the thermal power escaping the plasma by material
survivability or plasma stability will ultimately limit any optimisation at fixed p and
it becomes necessary to further fix the thermal power density along with the plasma
pressure.
Under this additional constraint the optimum plasma conditions for maximising Pf
were determined. Two distinct operational regimes were identified, characterised by the
relative contribution to Pf from thermonuclear and beam-on-target fusion reactions and
separated by a discontinuity in the optimal plasma conditions. The ratio p2/Pthermal was
found to be a useful characterisation parameter, with the optimum temperature, con-
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finement, bulk tritium concentration and energy gain all being functions of p2/Pthermal.
In one regime, characterised by low p2/Pthermal, beam-on-target reactions dominate the
fusion power output. Maximum Pf is attained when operating with a pure tritium tar-
get plasma and, as a result, precise control of the bulk ion composition and the level of
edge recycling are required to minimise the accumulation of bulk deuterium. To allow
for sufficient throughput of the injected beam power the optimal confinement is low. If
fast alpha particles are confined Pf is reduced by a factor (1 + 0.2Qf )
−1, while the en-
ergy gain remains unchanged. In the second regime, characterised by high p2/Pthermal,
thermonuclear reactions make a significant contribution to Pf . Accordingly, the energy
gain is higher but so too is the required confinement. Alpha particle heating was found
to reduce Pf by around 20%, but did increase the energy gain and could, therefore, be
considered beneficial.
In Chapter 4 the optimal plasma conditions were used to inform a high Pf device
design procedure. Applying a number of established tokamak stability limits and speci-
fying the first wall neutron flux and the total fusion power output allowed the key device
parameters to be related to one another and the dimensionality of the design space re-
duced. The model presented provides a framework for simplifying and informing what
would otherwise be a perplexing search for the optimal reactor configuration and allows
areas of particular interest to high Pf operation to be identified.
As an example, the model was used to optimise a device designed to operate with a
first wall neutron flux of 1MW m−2 and a total fusion power output of 75MW. It was
found that when the applied heating power was below some threshold the toroidal field
needed to achieve the necessary confinement was impractically large. This suggests that
there exists a minimum level of external power above which a device should operate.
For the case considered this power was between 40 − 70MW and could be reduced by
improving the confinement.
When operating at this minimum practical external power, the toroidal field is ap-
proximately proportional to the major radius and only weakly dependent on the level of
confinement. The externally applied power is, for the most part, a decreasing function
of device size, with the energy multiplication and, therefore, bulk tritium concentration
also scaling favourably with increasing size. However, the increase in the plasma energy
gain would likely be nullified by the increased power needed to generate the toroidal
field, resulting in a lower overall efficiency and a higher cost per neutron. Of the range
of possible device sizes this implies that the most compact is best suited to high power
density applications.
For the design point considered, the optimum plasma conditions were predominantly
those that allowed for contributions to Pf from both beam-on-bulk and thermonuclear
reactions. Accessing the beam dominated regime (nT /ni = 1) required external powers
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> 65MW and the lowest levels of confinement. Both the ITERH-98P(y,2) and Petty2008
confinement time scalings were considered. The Petty2008 scaling was found to be uni-
versally more favourable, allowing for the same fusion output at lower applied beam
powers.
The combined results of Chapters 3 and 4 form a novel high power density device
optimisation procedure. One of the main advantages of this approach is that it signifi-
cantly simplifies what would otherwise be a perplexing multi-parameter search for the
optimal device configuration. This allows regions of particular interest to high power
density application to be identified and forms the basis for a more sophisticated design
study.
6.2 The isothermal tokamak
Chapter 5 investigated a novel tokamak operating regime, characterised by improved
confinement and plasma stability - the isothermal tokamak. In the isothermal limit
rigidly toroidally rotating Maxwellian solutions exist for both the ion and electron dis-
tribution functions. These solutions give rise to a self-driven plasma current and a
density profile that decays exponentially with poloidal flux. By applying specially tai-
lored sources of momentum that remove the higher order corrections to the distributions
these rotating Maxwellians can be maintained as exact solutions to the ion and electron
kinetic equations and, as a result, there is no neo-classical transport.
Upon developing the isothermal equilibrium further it became apparent that its ap-
plicability as an ideal tokamak reference was subject to certain limitations. By solving
the isothermal Grad-Shafranov equation in the large aspect ratio limit the radial density
and current density profiles were determined. The steepness of the density profile was
found to scale with the safety factor, q, and on-axis plasma beta, β0, as ∼ 1/q2β0. To
maintain a fixed volume averaged density and fusion power output the central plasma
beta must be increased to compensate for a steepening of the density profile. This
requires a reduction in q and, as q determines the stability of the plasma against MHD
disruptions, places limitations on the density profile steepness.
The external particle and energy sources needed to establish a transport equilibrium
and maintain the isothermal state were determined and found to place further restric-
tions on the density profile steepness. When considering classical transport, simultane-
ous solutions to the Grad-Shafranov and transport equilibria were found to only exist
for density profiles where n(a)/n0 ≥ 64%. For steeper density profiles an un-physical
particle sink was required to maintain the density profile. An anomalous transport
model of the fluxes associated with the trapped electron mode instability was derived
in the limit of low collisionality. By considering the response of the ions and electrons
to perturbations in the electric potential both damping of the mode, due to magnetic
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shear, and growth, due to a resonance with the precessional electron drift wave, were
predicted. When applying this anomalous transport model, only density profiles where
n(a)/n0 ≥ 68% satisfied both the MHD and transport equilibria.
6.3 Future work
There are numerous extensions of the work presented here that would be interesting to
investigate further. Following on from Chapters 3 and 4 the obvious next step is to ap-
ply the optimisation procedure to an actual device design. An application of particular
interest is the development of a facility capable of testing materials and technologies
under reactor relevant conditions. Such a device could accelerate the development of
commercial fusion power by addressing specific outstanding issues. The requirements of
this type of device are similar to those considered in Chapter 4 and the results presented
there in form an excellent starting point on which a more sophisticated design could be
based.
The optimisation procedure could also be developed further. The effects of the plasma
geometry and parameters on the neutral beam deposition efficiency could be included
and other confinement time scalings and stability limits considered. The confinement
time scalings used are based on the results of multi-machine parameter dependency
studies and are, generally, a good predictor of the expected confinement. However, as
was the case with dedicated β scaling studies, single machine parameter investigations
have yielded different dependencies. This is perhaps most relevant in compact, spherical
geometries. Confinement time scalings based on results from NSTX [128] and MAST
[129] have both shown a stronger dependence on the toroidal field and a weaker depen-
dence on the plasma current, τNSTXE ∝ B1.08T0 I0.57p and τMASTE ∝ B1.4T0 I0.59p than that
of the ITER and Petty scalings used here. As noted in Chapter 4 devices have also
been able to operate outside of the stability limits considered using techniques such
as passive and active vertical stabilisation, feedback control and stability optimisation
using profile control and there is scope to further investigate the limitations imposed.
While the results of the investigation into the isothermal tokamak yielded a some-
what negative result, there remains lots of interesting work to be done in the field of
low-recycling tokamaks. Due to the improved performance associated with low edge re-
cycling it is likely that future tokamaks will employ some means of controlling recycling.
The anomalous transport model derived could be useful when interpreting the results
of transport studies involving sophisticated codes.
6.4 Final remarks
The application of fusion as a powerful neutron source has vast potential. As well as
accelerating the development of fusion power a fusion neutron source would also provide
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numerous options for relatively near term commercial applications of fusion. The work
presented in this thesis demonstrates how a fusion neutron source could be designed and
optimised and also explores a novel, low recycling regime that could further increase
the performance of future devices, including those designed for power production. Both
these topics continue to stimulate research and will undoubtedly play a crucial role in
the advancement of fusion technology.
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A Appendices
A.1 Isothermal Grad-Shafranov equation
The isothermal Grad-Shafranov equation is found by considering the toroidal component
of Ampe`re’s law,
µ0j · ∇φ = (∇×B) · ∇φ (A.1)
Recalling the vector-algebra relation ∇· (f ×g) = g · (∇×f)−f · (∇×g), which, upon
substitution, gives ∇ · (B×∇φ) = ∇φ · (∇×B)−(((((((B · ∇ ×∇φ), allows the right hand
side of Equation (A.1) to be written as,
µ0j · ∇φ = ∇ · (B ×∇φ) (A.2)
Substituting for the magnetic field B = ∇φ × ∇ψ + I∇φ, and noting that the cross
product is anti-commutative gives,
µ0j · ∇φ = −∇ · [∇φ× (∇φ×∇ψ)] (A.3)
where only the poloidal component of B is retained, since I∇φ × ∇φ = 0. Using the
relation f × (g × h) = g · (f × h)− h · (f × g) gives,
µ0j · ∇φ = −∇ ·
[
((((
((((∇φ · (∇φ · ∇ψ)−∇ψ · (∇φ · ∇φ)] (A.4)
where, it is noted that ∇φ is perpendicular to ∇ψ. Since R∇φ represents the toroidal
unit vector, (R∇φ) · (R∇φ) = 1, and, therefore,
µ0j · ∇φ = ∇ ·
(
R−2∇ψ) (A.5)
Finally, substituting for the plasma current density yields
µ0
[
ene (ωi − ωe)R2∇φ− beneV1e
] · ∇φ = ∇ · (R−2∇ψ) (A.6)
The first term on the left hand side is purely toroidal with magnitude µ0ene (ωi − ωe).
The second term is the toroidal component of the first order correction to the electron
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current and may be expressed as,
beneV1e · ∇φ = eneV1eB
B
· ∇φ
= eneV1e
I
B
∇φ · ∇φ
= eneV1e
I
BR2
(R∇φ) · (R∇φ)
= eneV1e
I
BR2
The isothermal Grad-Shafranov equation is, therefore given by:
µ0ene
[
(ωi − ωe)− V1e I
BR2
]
= ∇ · (R−2∇ψ) (A.7)
A.2 Complete elliptical integral of the first kind, K
A derivation of the complete elliptical integral of the first kind introduced in Equation
(5.84) is given.
The integral to be solved appears in the denominator of the bounce averaged per-
turbed potential 〈δφ0〉, defined by Equation (5.56), where it is noted v|| = v
√
1− λB(θ)/B0
and, at large aspect ratio, B(θ) = B0(1−  cos θ),∫
tr
dθ√
1− λB(θ)/B0
=
∫
tr
dθ√
1− λ (1−  cos θ) =
∫
tr
dθ√
1− λ+ λ (1− 2 sin2 (θ/2))
(A.8)
where the relation cos θ = 1− 2 sin2 (θ/2) was used.
In the trapped particle region, λ ≈ . Using the trapping parameter:
k2 =
1
2
(
1− λ

+ 1
)
(A.9)
allows the integral, Equation (A.8), to be expressed as
∫
tr
dθ√
1− λ+  (1− 2 sin2 θ/2) =
∫ 2 sin−1 k
−2 sin−1 k
dθ√
2k2− +  (1− 2 sin2 θ/2)
=
1√
2
∫ 2 sin−1 k
−2 sin−1 k
dθ√
k2 − sin2 θ/2
where the integration is taken over the trapped particle region. At the bounce points
k = ± sin (θ/2), where v|| = 0 is zero.
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Letting φ = θ/2, the integral reduces to,
1√
2
∫ 2 sin−1 k
−2 sin−1 k
dθ√
k2 − sin2 θ/2
=
2√
2
∫ sin−1 k
− sin−1 k
dφ√
k2 − sin2 φ
Further setting sinφ = k sinu, such that cosφdφ = k cosudu, the limits of the integra-
tion become ±pi/2, as sinφ = k when u = pi/2. The integral becomes,
2√
2
∫ sin−1 k
− sin−1 k
dφ√
k2 − sin2 φ
=
2√
2
∫ pi/2
−pi/2
k cosu√
k2
(
1− sin2 u) ducosφ
=
2√
2
∫ pi/2
−pi/2
k cosu√
k2
(
1− sin2 u) du√1− k2 sin2 u
where the relation cosφ =
√
1− k2 sin2 u was used. Cancelling where possible, this
reduces to,
2√
2
∫ pi/2
−pi/2
k cosu√
k2
(
1− sin2 u) du√1− k2 sin2 u = 2√2
∫ pi/2
−pi/2
du√
1− k2 sin2 u
=
4√
2
∫ pi/2
0
du√
1− k2 sin2 u
Finally, introducing the elliptical function,
K(k) =
∫ pi/2
0
du√
1− k2 sin2 u
(A.10)
yields the necessary result, ∫
dθ√
1− λB(θ)/B0
=
4√
2
K(k) (A.11)
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A.3 Permissions
Copies of the permission request and acceptance email for the right to reproduce Figure
(1.5) originally published in [10].
13th September 2016 
Dear Nuclear Fusion, 
I am completing my PhD thesis at Imperial College London entitled ‘Fusion for 
neutrons’. 
I seek your permission to reprint, in my thesis an extract from: Ikeda, K., 2009. ITER 
on the road to fusion energy. Nuclear Fusion, 50(1), p.014002. The extract to be 
reproduced is: Figure.2 appearing on page 2. 
I would like to include the extract in my thesis which will be added to Spiral, 
Imperial's institutional repository http://spiral.imperial.ac.uk/ and made available to 
the public under a Creative Commons Attribution-NonCommercial-NoDerivs licence. 
If you are happy to grant me all the permissions requested, please return a signed 
copy of this letter. If you wish to grant only some of the permissions requested, 
please list these and then sign. 
Yours sincerely, 
 
Steven McNamara  
Permission granted for the use requested above: 
I confirm that I am the copyright holder of the extract above and hereby give 
permission to include it in your thesis which will be made available, via the internet, 
for non-commercial purposes under the terms of the user licence. 
[please edit the text above if you wish to grant more specific permission]  
Signed: 
Name: 
Organisation: 
Job title: 
!
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